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Epicyclic Motion of Satellites Under Rotating Potential

Yoshikazu Hashida* and Philip L. Palmer’
University of Surrey, Guildford, England GU2 7XH, United Kingdom

Further to our work on the epicyclic description of perturbed orbits under axisymmetric potential, we present
the extended analysis focusing on the tesseral harmonic potential. We restrict the problem to a near-circular orbit
of which eccentricity is assumed to be of order /,—Earth’s second zonal harmonic—and introduce the analytical
formulation of first-order perturbed epicycle orbit up to an arbitrary degree and order of tesseral harmonics. Some
periodic terms of interest as a result of tesseral terms are discussed. Explicit coefficients for these periodic terms are
also given for second and third degrees. We have shown that the amplitude of the fourth-degree tesseral periodic
perturbations can become larger than that of the second-order tesserals for some specific orbits and the conditions
for this are addressed. We also present simulation results to establish the accuracy of our epicycle modeling by
comparing with numerically integrated orbits, and we obtain only subkilometer positional error after 5000 orbits

propagation for a low-Earth near-circular orbit.

Introduction

I N 1959Kozai' and Brouwer” introducedanalyticsolutions of the
perturbedorbital elements of a satellite moving in as axisymmet-
ric potential. Since then, there has been an extensive body of liter-
ature studying the motion of satellites in axisymmetric potentials.
Merson® evaluated the perturbation of an orbit caused by several
low-degree zonal harmonics. Cook* summarized the nature of long
periodic variations for particularly near-circular orbit up to an ar-
bitrary odd zonal harmonic degree. Recently, by focusing on only
near-circular orbits whose eccentricities are assumed to be O(J,)
Hashida and Palmer® reviewed this problem and reformulated the
perturbative motion of satellites in terms of a new epicyclic descrip-
tion, which brings mathematical simplicity of the formulations and
also providesa simple geometric interpretationof the description of
the orbit.

In 1960 Musen® presented a method for the determination of
tesseral/sectoral (hereinaftersimply tesseral) harmonics in the grav-
itational field, with the availability of more accurate data and ex-
tended over longer intervals of time. Cook,” in 1963, published
complete descriptionsof long-periodicvariations caused by tesseral
harmonics up to the fourth degree without any assumptions on in-
clination and eccentricity. Kaula® derived generalized expressions
for first-order perturbations for any term in the potential. He con-
verted the spherical harmonic potential in terms of the classical
Keplerian elements by introducing the inclination and eccentric-
ity functions and solved the problem through Lagrange’s planetary
equations.

In this paper we review the problem of tesseral harmonics for
near-circularorbits by using the epicycle description;therefore, this
articlerepresents an extensionof our work on satellite epicyclic mo-
tion under a zonal potential > We have shown the first-order tesseral
perturbations up to an arbitrary degree by the use of Kaula’s incli-
nation functions® Our simple formulation of the perturbed orbit is
useful not only for analytical approaches to mission analysis, but
also for the design of an onboard orbit estimator. An orbit estimator
using analytical solutions of perturbed orbits, in spite of its mod-
erate accuracy, might be preferable especially for micro- or even
nano-satellites where the processing resources might be limited.

We briefly review the description of epicycle orbits around a
spherical Earth and interpret these basic descriptive equations. We
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then derive the linearized equations of motion in the variables we
have chosen. We provide first-orderanalytic solutionsto these equa-
tions for each term in the tesseral harmonic expansion and discuss
some terms of interest. Finally, we show comparisons of these ana-
lyticformulas with accuratenumerical simulationsof satellite orbits.

Keplerian Epicycle
We begin by reviewing briefly the epicycle motion of satellites
in low-eccentricity orbits about a spherical Earth.> The Keplerian
equations of motion are
m

F—ra?= ——,
72

d ,.

I (r'a)=0 (1)
described in some polar coordinates (r, A), where p is the gravita-
tional parameter. For circularorbits we can find a solutionto Egs. (1)
in which r =a and A = ny, where both a and n( are constants that
satisfy a®ny> = 1. We are interested in the motions of satellites in
very low-eccentricity orbits, which can be found by perturbing the
preceding solution. For this, let r =a +s and A =ny + €. Ignor-
ing second-order terms in these small corrections, we have shown
Eqgs. (1) are linearized by

§ s 2s 13 d[2s €
— +t==2—+—, —|—+—]=0 ©@
ang a a ng dr \ a ng

The orbital energy is also linearized by

E=—(u/2a)[1 —22s/a + é/ny)] 3)

Therefore through Eq. (3), by choosing the mean radius a as the
radius of a circular orbit of the same orbital energy, the second of
Eq. (2) can be integrated by

2s/a+€é/ny=0 4)
We formulate the epicycle descriptionof Keplerian orbits by solving
the first of Egs. (2) and Eq. (4) and can easily expand to three-
dimensional motion because the inclination / and ascending node
2 stay constant:

r=a— Acos(a — ap), I =1, Q=Q

Ar=a+ 2A/a)[sin(e —ap) + sinap] 5)
The angle « is defined through the mean motion n, by nt and
measured from the ascending node, called epicycle phase. Two pa-
rameters A and «p are integration constants, called epicycle am-
plitude and epicycle phase at the perigee passage. We are assum-
ing O(A/a) ~ O(J,) throughout this paper. We also show that the
argument of perigee w is related to p through

w=ap+ (2A/a)sinap ©6)
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We are describing the position of a Keplerian orbit using four co-
ordinates of (r, I, 2, ). Two coordinates / and 2 determine the
orientation of the orbital plane in three-dimensional space, and an-
other two coordinates, r and A, represent the position of a satellite
in this orbital plane by the epicyclic description.

One might notice that we do not have a secular term in the az-
imuthal A solutionin Egs. (5) because of the choice of our semimajor
axis. This choice, however, can always be performed if we consider
only one satellite. This implies that a major orbit control problem
can arise in order to eliminate the relative secular term if a cluster
of satellites, such as a satellite constellation or formation flying, is
considered.

Linearized Equations of Motion

In this section we derive the linearized equations of motion de-
scribing the motion of a satellite in three dimensions using the four-
coordinates representation developed in the preceding section.

Equations of Motion in New Variables
Starting from spherical polar coordinates (7, 6, ¢), the equations
of motion under a rotating potential are

. A%
P r(6® + ¢ sin’ ) = — = — —
r ar
d . A%
5(#9) — 72 sinf cosf = =5
d ,. oV
—(r nf)=—— 7
dt( @sin” ) ” @)

We relate the conventional notation of C,,, and S,,,, to J,,, by

Cnm = Jnm Cosmwmru Snm = Jnm Sin mwnm (8)

Y. 18 not uniquely determined because of unknown factors, which
are multiples of 27t /m; however, we shall take the smallest positive
value for v,,,.” The angle v, which is geographic longitude, is
related to ¢ by

and 6, is Greenwich sidereal time expressed as an angle. Then the
potential V caused by the /-deg zonal and the n-deg m-order tesseral
contributionin Eq. (7) is given by

V = (u/r)J(R/r) P,(cos6)

—(p,/r)]nm(R/r)”P’;"(cose)cosm(w _an) (10)

where we have assumed m # 0 throughout this manuscript. The
notation of R is the Earth’s mean equatorial radius.

We can relate the position of the satellite (6, ¢) to the orbital
parameters (/, €2, 1) such that

sinf cos(p — ) = cos A, sin 6 sin(p — ) = cos/ sin A
cosf =sin/sini (11
We also have the following useful equalities’:
¢sin®6 = vcos|, 6sin® = —v sin I cos A
éz—f—gbzsinzezf)z, IsinA = Qsin/ cos A
D =i+ Qcos! (12)

where v is the true anomaly. By differentiating the first and second
of Egs. (11), we can show that

a cos/ 0 sin/ cosA 0

30 sin@sinA 9l sing A
0 in/cosA 0 0
— = —w— +cosl— (13)
¢ sini a9l or

wherep =9 — Q=179 +6, — Q.

By introducing . =r2v cos I, which is the z component of
angular momentum, the third of Egs. (7) is

A

AL
=%

(14)

If we multiply through the second of Egs. (7) by sin 6, we can write
itin the form:

d . , vV
—(?vsinl cosA) + r2v?sin I sin A = sinf— 15
dt( v si SA) v sin I si si 0 (15)
Using Egs. (12) and (14), we can write this equation as
. A% A%
h,Isin®0 = cos® I cosA| sin@— + tan I cos A— (16)
30 3

The ascending node equation is then obtained by the fourth of
Eqgs. (12) through Eq. (16), and the radial equation, the first of
Eqgs. (7), is given by

Forit=—2 22 (17)

Kaula® and Palmer® have introducedan inclinationfunction F,,,, » (D
through the relations:

P (cosf)cosmep = Z Fymp(I) cos(n — 2p)a

p=0

P! (cosf)sinmé = Y Fopp(Dsin(n —2p)a (18)

p=0

if (n —m) is even, and

P (cosf)cosmep = Z Fp(I) sin(n — 2p)A

p=0

P! (cos@) sinmep = — ¥ Fyup(I)cos(n —2p)1  (19)
p=0
if (n —m) is odd. The inclination function F,,, (1) is defined by

min(p,k)

Fyp () = (2n —21)!

22 =2t (n —t)!(n —m — 2t)!

t=0

=~ (m
X si nfln72ll s 1 -1 c—k
sin’ 270 s cos E (=1)

X(n—m—2t+s)( m—s ) 20)
c p—t—c

where k is the integer part of (n —m)/2 and c¢ is summed for all
values for which the coefficients are not equal to zero.
For convenience, we shall define the following functions:
cos (n —m)even
Cnmp()‘w 97 eg) = . [(n - zp))"
sin

(n —m) odd

+m(Q - eg - an)]

Sil’l (n —m) even
Snmp()‘wQﬂ@g) = [(n —2p)k
—cos (n—m)odd
+m(Q - eg - wnm)] (21)

Using Egs. (18) or (19), the potential Eq. (10) is rearranged by
! n
R R
v=Ly (—) P(sin I sinn) — =7, (—)
r r r r

X 3 Fop(DConp (1, 2.,6,) (22)

p=0
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By computingdV /d¢, dV /a1, and 3V /9, the second of Eqgs. (13)
results in the following equality:

[m — (n—2p) cos I1F,,, (1)Sump (X, 2, 6,) sin A

= sin IF,;mp(I)Cnmp(A, Q,0,)cos (23)
where the notation of F,;mp (I)=dF,,,,(I)/dl is introduced.

The angular momentum equation of Eq. (14) becomes
R i an:F (D Sy, 2,6, (24)
z r nm r ‘ nmp nmp \/\» s Yg
b=

The inclination equation (16) is arranged by

’ n
i R dP;(sin ] sin A R
hi=—25 (R cos?rcosn dEEIISINA) g, (R
r r d(sin/ sin}) r r

x cotl Y [m— (1 —2p) cos I1Fyy (1) S,y (1. 2.6,)  (25)
p=0
Then the ascending node equation is found through the fourth of
Eqgs. (12) by

!
. R dP,(sin 1 sin A

h.Q = —ﬁJ, — coslcotlsinkw
r r d(sin I sin A)

uw, (RY ~
+ = (7) couZOFWmcmp(A, Q.6,) (26)

Note that Eq. (23) is used to obtain both inclination and ascending
node equations. The radial equation (17) is given by

!
R

'r'—rf;zz—ﬁ-f-(l-f-l)ﬁjl — ) P(sinsin})
r2 r? r

R\ ¢
_(n+1)%1m(7) > Funp(DCony 02,6, @)
p=0

Jacobi Constant of Motion

Unlike the motion under axisymmetric potential, both the orbital
energy and the z component of the angular momentum vector are
no longer conserved. However, we can show the constant of motion
by introducing a rotating coordinate, which is known as the Jacobi
constant. The Jacobi constant C is given by

2+ 6 +r2 (> — ) sin? 0] —p/r+V=C (28

where we introduce the notation of wg = ég, which is the Earth’s
sidereal rotation rate. The derivation of Jacobi constant Eq. (28) is
shown in the Appendix of this paper. Reverting back the coordinate
¥ to ¢ by ¥ = ¢ — wg and using the first of Egs. (12), we find the
Jacobi constant:

C=E—wgr’vcosl =& — wgh. (29)
where the notation £ represents the orbital energy.

First-Order Linearized Equations

We seek solutionsto the precedingequations(24-26) in the neigh-
borhood of circular orbits. Let us define /, and €2, as instantaneous
(or osculating) inclinationand right ascensionof the ascendingnode
at an epoch when the instantaneous argument of latitude reaches
zero (or at an initial ascending node). We shall take into account
Jy, even-degree zonal terms to linearize the J,,, tesseral equations
because even-zonal harmonics introduce secular perturbations on
our argument of latitude and right ascension of the ascending node.
The dominant J,(! = 1) harmonic will be the most practical term of
interest.

Let us represent our coordinates by

r=a-+ Sy =+ Sum, I=1+uw+tm

Q:QO+02/+0nm7 A=a+ey+e€,, (30)

where the definition of a, the mean semimajor axis, shall be givenin
a later section. The o angle, mean argument of latitude or epicycle
phase, is then defined by not through a’n?=p. sy, 1oy, 0y, and
€, are small correction terms from the J,; potential including the

Keplerian epicycle terms’:

]
sy =agp — Acos(a — ap) + Z Arf cos 2ka
k=1

I I
Iy = Z ALY (1 — cos 2ka), 0y = Vo + Z AQL, sin 2ka

k=1 k=1

i
€y = Kka+ (2A/a)[sin(a — ap) + sinap] + Z ALY sin 2ka
k=1

GD

and explicit coefficientsin Eq. (31) are introduced in the Appendix.
Note that ¢ and « are secular perturbation terms. We have shown
that the zonal solutions satisfy following equality’:

21
2s de do R
82[:_ZI_LZItaHIO+_ZI+_ZICOS10:_J2[ - Pz,(o)
a dor do a

(32)

Sum's bum s Onm, and €, are caused by J,,,, tesseral potential, which we
are going to evaluate through this paper. We also describe sidereal
time 6, in terms of epicycle phase «, which is a dimensionlesstime,
such that

0, = 60y + wgt = 6y + w.a (33)

where 6, is the sidereal time at = 0; hence, @« =0. Note that w,
is the sidereal Earth rotation rate normalized by the satellite mean
motion ng, e.g., w, = wg /No.

Let us introduce the following abbreviations:

Crmp (@) = Cpppp [(1 + 1), Qo + D, 6y + w,.]

Ccos

(n —m)even
= . } [Tnmpa +m(2 — 6 — an)]
s (n —m) odd

Sump (@) 1= Suppl(1 + 1), Qo + P, Oy + wa]

Sil’l } (n —m) even

[Tnmpa + m(QO - 00 - wnm)] (34)
—COS

(n —m) odd

where 1, is defined by
Tump = (I’l _ZP)(I +K)+m(l9 _we) (35)

Then for the first-orderapproximation C,,,,, and S,,,,, functions with
J. coefficients can be regarded as a function of epicycle phase «
because we have

{ Cnmp()"v Qv eg) } o { Cnmp(a) } { _Snmp(a)

Aay, (36)
Snmp()‘ﬁ 97 eg) Snmp(a) Cnmp(a) } ?

where
Aanmp = (n - 21))(62, — Ko+ enm) + m(OZI —da+ Onm) (37)

and A, is a periodictermof O(A/a, Jy, J,n); therefore, we can
ignore the second term of the right-hand side of Eq. (36).

Using the last of Egs. (12) and substituting our representation of
coordinates (30) to &, they can be linearized by

h. = a*ng(1 + 8o + 8pm) cos I (38)
where
2s,,m denm donm
Spum = — Ly tan Iy + + cos Iy 39)
a da do
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Unlike for a zonal potential, §,,, is no longer constant (8, is a con-
stant). Linearizing Eq. (24) gives

ds RY' Z” Fomp(To)
o 7 P S 40
m nm(a) pr nmp(a) ( )

do cos Iy

The inclinationequation (25) and ascending node equation (26) are
linearized by

di,, R\" X [m — (n —2p) cos I01 Fypp (1)
- _ g (= E Spmp (0
nm ( a ) ~ nmp( )

do sin I,
(41
d nm R " Fr;m (I)
0_ = Jnm - #Cnmp(a) (42)
do a sin 1,
p=0
We also obtain the linearized radial equation such that
d2 snm snm
— | — )|+ — =26, + 2, tan
da? \ a a
R\ <
— (D | — ZO Fop (10)Cop (0) 43)
b=

Equations (40-43) representthe linearized equations of motion un-
der the tesseral potential. All Jy terms are canceled out for the given
solutions of 8o, Loy, 0oy, and €.

Solving Linearized Equations

Inthis sectionwe shall derive first-ordersolutionsto the linearized
equations (40-43) obtained in the preceding section.

First-Order Solutions Caused by Tesseral Harmonics
By integrating Eq. (41), we obtain

R\" Z” [(n — 2p) cos Iy — m]F,,,(Iy)
= J -_—
tnm nm ( a ) 0
-

Tump Sin I

X [Cnmp (O[) - Cnmp (O)] (44)

The ascending node perturbationis also solved by

R\ <~ Frplo)
Opm = Jnm (;) Z A[Snmp(a) - Snmp(o)] (45)

pyar! Tump SIN Iy

The angular momentum equation (40) is integrated to give

R\' & F,.,(
Spm = mJnm (_) P( 0) Cﬂmp(a) - 82:11 (46)
a ¢ Tump COS I

and 8°  is some integration constant that needs to be determined.
Notice that §,,,, is not necessarily zero at t =0 (o = 0). Substituting
8,m and t,, solutions of Egs. (44) and (46) into the radial equa-
tion (43) and ignoring the complimentary function (which is just
the epicycle term already accounted for), we obtain the radial per-
turbation solution s,,, such that

2o —2(8°, + &0 tanly) — J,, (5)
a a

% Z [(n + I)Tnmp - 2(” - zp)]anp(IO) Cnmp (O{) (47)
p=0

— 72
T’W‘P (1 Tnmp)

where the notation of 0, is introduced through Eq. (44) by

R\" <& [(n = 2p) cos Iy — m]F,,,,(Iy)
o —gJ = E P c.. 0
tnm ”m(a) pr nmp( )

Tump SN I

(48)

When we substituteall of the solutions we have derived into Eq. (39),
we can formulate the azimuthal equation by

o o Qom oty = 3(80 4 tanlo) + Jon 2 n
Ao Ao COS 1y = m L, tan o nm p
- 2[(” + I)Tnmp - 2(” - 2p)]
xZ{(n—Zp)—f— —
p=0 nmp
Fyp (I,
x L) ) 49)
Tnmp

The azimuthal equation (49) is integrated by

R n
€am + 0y cOS Iy = 3(83," + 4 tan Io)oz + o (—)
a

<) {(n gy 4 At Dty — 20— 2p)) }

Pt 1 - Tnzmp
E,,., (1
x #[sw (@) = Sunp (0)] (50)
nmp

All of our solutions introduced here meet a singularity when
Tump ~ 0. This caseis a resonancebetween the orbital frequency and
the Earth’s rotation frequency. Recalling the notation of w,, which
is the dimensionless Earth’s rotation rate normalized by the satellite
epicycle frequency ny, e.g., w. = wg /N, then 1,,,, = 0 yields

n—=2p)A+K)ng+m@®@nyg — wg) =0 (51)

which occurs if
_ mawg
T =2p)(1 +k)+my

For the particular case of (n —2p)=m for which (n —m) must
be even, Eq. (52) results in ny =~ wq. This shows that the epicy-
cle frequency is approximately one rotation per one sidereal day,
which is the case for a 24-hour orbit or geosynchronousorbit. Also
if n —2p ==£1, then we have ny ~ mwg, making our solution un-
stable. This will happen if the satellite orbital period is an integer
fraction of a day, for instance, 12, 8-hour orbits. In addition, both
the radial and the azimuthal solutions have the (1 —z;, ) divisor,
which introducesinstabilitiesif 7,,,, ~ £1. Similarly 7,,,, = £1 are
solved for n, by

_ mawg
T (m=2pF 1)+ (n—2p)k +mY

These solutionsindicate thatif (n — 2p F 1) = m for which (n —m)
must be odd, then they become ny~ wg. Also Eq. (53) yields
no~ mwg whenn —2p=2,0.

The detailed studies are made, for instance, by Blitzer et al.'® for
the geostationary orbit and by Gedeon'' who showed libration pe-
riods for several circular resonant orbits including subsynchronous
orbits such as 12-hour, 8-hour orbits.

Recently, through the analysis of the precise TOPEX/Poseidon
orbit, the effect of near-resonant tesseral harmonic perturbations
in semimajor axis is mentioned and the variations in semima-
jor axis due to the tesseral harmonic Jy;; with n in the range of
13-19 and m with the values 12 and 13 are reported.”> The over-
all resonance effects from tesseral harmonics are summarized by
Vallado."” Some interesting tesseral solutions with t,,,, = O(mw,)
and1—12, , = O(mw,) are investigatedin a later section.
Definition of Semimajor Axis

We have to define the mean semimajoraxis a foundin Eq. (30) by
which we have linearized the equations. When only a zonal potential
is considered, we define the mean semimajor axis a in terms of
the orbital energy, which is conserved’ However, if the tesseral
potential is included, the orbital energy is no longer constant, so
that we shall define a through the Jacobi constant C.
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Substituting our representation of coordinates (30) to the orbital
energy £ equation, the first-order approximationto £ is obtained by

R n
fo +ﬁ[3m et (£)
2a a a

X Z anp(IO)Cnmp (O[)} (54)

p=0
The terms of J, are canceled out again for the given solutions of
a1, Lars 0o, and €y through the equality of Eq. (32).
We also linearize wg 1, such that
wgh, = (n/a)w,(1 + 8y + 8um) cos Iy (55)
Subtracting Eq. (55) from Eq. (54), we have
C=—(u/2a) + (n/a)[—w.(1 + 83) cos Iy + Ac] (56)

where Ac is given by

Ac = (1 — w, cos )8, + tum tan I

R\" <&
— o (;) ZO Fomp (I0) Cop (@) (57)
p

By substituting ¢,,, and §,, solutions of Eq. (44) and Eq. (46), Ac
of Eq. (57) becomes

Ac = —(1 —w, cos IO)((SSM +:° tan IO) — 1% sin
R\" <& (n—2p)c +mv
S - T  Fpy(I)Com 58
(a) ; — s U)Cp(@)  (58)

Because the last term of Ac Eq. (58) is O(Jy J,,,), the first-order
approximationto the Jacobi constantC is obtained through Eq. (56)
by

C= —(M/Za)[l + 2w, (1 + ) cos Iy + ZwELSm sin 1,

+2(1 — w, cos Ip) (8%, + 10, tan o) | (59)

The azimuthal solution we obtained in Eq. (50) has a secular per-
turbation in the first term, which arises from the constant offset
89+ tanl, appearingin the radial solution (47). This does not
agree with the factthat secular perturbationsdo notoccur away from
resonance as a result of the tesseral potentials.® This arises from a
choice of mean semimajor axis, and hence there should be a well-
defined semimajor axis, which gives no secular term. Equation (59)
suggests that if we define our semimajor axis a through the Jacobi
constant C such that

a=—u/20)[1 + 2w.(1 + &) cos I + 2w,10,, sin I, (60)

thend? + (0 tanl, =0, whichremovesthe secularterm, and hence
the 82 constantis explicitly determined by

R\" & -2 Iy — m1F,,, (I
P (;) )3 [ = 2p) cos o —mlFuy ) o
p=0

Tump COS I

(61)

through Eq. (48). Because the terms of w,, 8, and tSm are also
functions of semimajor axis a, the iteration scheme can be used to
obtain the semimajor axis a defined in Eq. (60). We therefore use
Eq. (60) to define our semimajor axis, which is a natural gener-
alization of its definition in our study of perturbations because of
axisymmetric potential in terms of conserved orbital energy.

Tesseral Perturbation on Epicycle Coordinates

Having defined the semimajor axis about which we have ex-
panded, we turn now to summarize the solutions for tesseral pertur-
bations to our four coordinates, Eqs. (44), (45), (47), and (50). The

correction terms (Sum , Lum s Onm > €nm) from n-deg, m-order tesseral
harmonic perturbations have the form

Spm = Z Arnmpcnmp (@)
p=0

bym = Z Alnmp[cnmp (O[) - C””"P(O)]

p=0

Opm = Z AS2nmp [Snmp(a) - Snmp (O)]

p=0
€nm = Z A)"nmp[snmp (O[) - Snmp (O)] (62)
p=0
where the constant perturbation coefficients are given by

Arnmp —_J (R)n[(n+1)rnmp _z(n_zp)]anp(IO)

— 72
a T””"P (1 Tnmp)

N R n[(”_zp)COSIo._ M1,y (Io)
Tump SiN Iy

R\" F., U
AQppy = Jom (_) ﬁ

a ) Tympsinly

R n

L 2004 DTy = 201 = 2p)] } Fp(I)

= (63)

_ 2
1—1 anp

nmp
In Egs. (63), as Cook defined,” we introduce the along-track varia-
tion coefficients AL,,,, by

ALy = Adump + AQymp cos Iy (64)

andremember 7,,, = (n —2p)(1 +«) +m(¥ — w,) andm # 0. The
A,y coefficients, therefore, can be obtained through Eq. (64) by
knowing the AQ,,,, coefficients. From the definition of C,,,, and
S,mp functions of Eq. (34), we can find the frequencies of tesseral
perturbation are therefore given by

nnmp = TnmpnO (65)

wheren is the originalepicyclefrequency (¢ = ngt) and p runs from
zeroto n. For alow-Earth orbitingsatellite, which commonly rotates
14-15 revolutions per day (w, ~7 X 1072), we assume mw, < 1
for moderate values of m, for instance, up to and including fourth
order. Then, for such m values we note «, ¥ < mw, because x and
¥ are O(J,). Therefore, if n — 2p # 0 then the tesseral perturbation
frequencies n,,,,, are dominated by (n —2p)(1 + k)no, which is an
integer multiple of the nodal frequency (1 + «)n, and gives short
periodic variations to epicycle coordinates.

If n — 2p =0, which arises when the degree n is even, then the
frequenciesbecome n,,,, = m(¥ — w,)no. In this case the period of
the perturbationis an integral fraction of a day. These are known as
m-daily periodic perturbations.® Using the notation of py =n/2 in
Eqgs. (63), the m-daily terms are given by

Spm R\"
a = _(n + I)Jnm (;) anpo(IO)Cnmpo(O[)

R ! an (IO)
=—J | =) —0 " _|C -C 0
tam nm ( a ) (19 — Cl)e) sin I() [ nmpo (O[) nmp()( )]

R\ Fpup )
wm = Jam | — —_mmpo - 7 Sym — 8. (0
’ (“) m( — w,) sinlo[ o () po )]
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R\ Funp (I
eom + 0 €08 Iy = 21+ D) [ = ) Sz o).
a/ m@@ —w.)
X [Sumpy @) = Sy 0] (66)

Terms of m* (% — w,)” are ignored to obtain the results, and only the
radial m-daily variation does not have the (¢ — w,) divisor.
The explicit coefficients in the along-track variation of AL,,,,

through J, 4 are
9 R\ sin’ I
ALy, = =Jy,| = 0
221 = 35 2.2(0)  — o,

ALy, = —?14.1

75 (R)4 (4 = 7sin? ) sin Iy cos I

¥ — w,

AL 25, (R *(6 — 7sin’ Io) sin® I
422 — 16 4,2 a 7}—(1)6
4

525 R\ sin® I, cos I,

AL ==/, |-) —
4,32 4 4.3( ) 9 — o,

4 .y
AL _ 1575] R\ sin® [, ©7)

276 M\ e ) v — o,

These, as we expect, agree with Cook’s results.” Because all
m-daily periodic terms have a (¢ — w,) divisor, the amplitude of
the periodic variations can be one order larger than that of short
periodic perturbations.

As a matter of interest, let us consider the coupling effect be-
tween AL,,; and AL,,, as both terms have a half-day period.
We investigate whether the AL, ,; and ALy, coupling variation
becomes smallerin peak amplitudethan AL, , ; alone for some spe-
cific range of inclination angles. By computing the peak amplitude
of |AL2_2_1 sin 2(9 - Og - wz_z) + AL4_2_2 sin 2(9 - Og - w4_2)|
and knowing cos2(y4» — ¥2.2) <0 for the Earth’s potential, we
can find sin / to satisfy

16 J»s

6 R\’
<sin’ I, < i mz (;) cos2(Yyn — Yaa)  (68)

|

to make the peak amplitude of |AL,,;sin2(2— 6, — ) +
ALy, sin2(2—6, — 4 ,)| smallerorequalto|AL,, |. This cor-
respondsto 67.8deg < Iy <71.4degor 108.6deg < I, < 112.2 deg,
when the semimajor axis a is 7178 km (we assume 7178 km semi-
major axis throughout this section). It may also be interesting to
investigate whether the fourth-degree m-daily perturbation can be
larger than the second-degree variation of AL, , ; for some specific
inclination angles. By solving |[AL,, | <|ALy4,,l, this happens
when

-2

6 8 J,(R

sinf Iy < = — — 22 = (69)
7 175 J4_2 a

which implies 1, <28.3 degor 151.7 deg < Iy. The right-hand side
of Eq. (69) has to be greater than or equal to zero for solutions
to exist. To make the right-hand side of Eq. (69) nonnegative, the
semimajor axis a has to satisfy

a _ E& (70)
R — 4 Jy,

which provides an upper limit to a of approximately 8352.6 km.
Hence if the semimajor axis is larger than this value, whatever the
inclination angle is, the J, » m-daily variation amplitude cannot be
larger than that of J, ,. For the J, ; case this situation can also arise
if the inclination angle satisfies

Itanloli—w+i/v+ v2+u3+i/v—\/v2+u3 (71)

where

2
25 J41 ( R 5 3 1 )
= —_—— — e —_— . p— 72
w 1212'2(0), v 2u) w’, u 3 w” (72)

This gives Iy <38.5 degor 141.5 deg < I, to make the effect of J, ;
larger than that of J;,. Unlike the J4, case, the m-daily periodic
variation from J, ; can be larger than the J,, variation for some
inclination angles without any semimajor axis limitations.

Such a particular case will not happen for both J,; and Jy 4
cases because the conditions to make |AL;, | <|AL43,| and

[ALy, 1| <|ALy,,| are obtained by
: 12 Lo (R . 8 LofR
21| > —| — I > ——==( —
Isin21y| > ( ) , sin” o = == 7o\ 3
(73)

175 J4_3 a
however, the right-handsides of bothinequalitiesare larger than one
for the Earth’s potential. All of the m-daily periodic terms shown in
Eq. (67) vanish for an equatorial orbit, e.g., Iy = 0.

Our radial and azimuthal solutions, given in Egs. (47) and (50),
both appear to have 1 -z, = divisors. Therefore if 1—17. =
O(mw,), we can have O(J,,,/mw,) short-periodic variationsin ra-
dial and azimuthal coordinates. If degree n is odd and we consider
two values py = (n F 1) /2, then we have

Tampe = £(1 + k) +m@ — w.) (74)
and if order m is small enough, then we can approximate
2
1= (T ) = F2Im(@ — w,) £« (75)

and obtain the terms of interest as follows:

Sum

a

€am = :FZXnmpi [Snmpi (O[) - Sﬂmpi (O)] (76)

= :tXnmpi Cnmpi (O{)

where

1 R " an (IO)
Xnmps 2(" b m(a) m@ — w,) £« a7

The explicit descriptions of x,u,, for the third-order tesseral
harmonics are given by

3 (R)35sin2 Io(1 % 3 cos Iy) — 4(1 = cos Iy)
3,1

= —/J _
Xatre = 1631\ ¥ — o,k

15 (R)3sin10(1:F200s10—3cos210)

=ty
X32pe = g2 20 —w,) x

=27, 78
Xadpe =g a) 30 —w) £« 78

45 (R)3 sin® Iy(1 =+ cos Iy)

3,3 “ara N1
where p. =1 and p_ =2. We show that for the odd-degreetesseral
harmonics, if the value of m is moderately small, the short-periodic
perturbations have m (¥ — w,) £ « divisor and have frequencies of
(1 +x)nyg£m(¥ —w,)ny. This is approximately the epicycle or-
bital frequency n, so that these terms might introducem-daily peri-
odic variations in both the epicycle amplitude and phase at perigee
passage because of the coupling effect with the original epicycle
term. If we combine the epicycle term into our radial solution of
Eq. (76), then we have

Spm = —A COS(O[ - O[P) + a Xnmps Cnmpi (79)
By introducing the notations of Aand& p for the perturbed epicycle
amplitude and phase at perigee passage,

Acosap=A cos(a, + ka)

:tCOS (n —m)even
} m(Q - eg - an)

—ay )
s { :tSll'l (n —m) odd
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Asingp = A sin(a), + ka)

Sil’l }(n —m)even

—COS

+ aXnmpi {
(n —m) odd

where Q = Q, + YJ«a, we can arrange the radial equation (79) such
that

Sum = —A cos(a + ko — @ p) (81)

We have shown, through Eq. (80), that the odd-degree tesseral har-
monics give m-daily periodic perturbations to our epicycle ampli-
tude and phase at perigee passage.

Simulation Results
Even-Degree Tesseral
The simulationwe shall presentcomparesthe epicycledescription
of the orbit using the second harmonic of potential, namely, the
disturbing potential V is given by

V = (u/r)[LR/r)*Py(cosh)

— Jo5(R/r)?P3(cos0) cos 2(Y — v125)] (82)

We ignore J, ; term because it is three order of magnitude smaller
than J,, (J,,1 ~1.56 x 1077, whereas J,, ~1.82 x 107 given by
JGM-2 model'?). J, second-orderterms are includedfor this simula-
tion because O(J2) = O(J,,) = O(107°). The epicycle description
of this orbit is summarized by

r=a(l+0,) —Acos(e —ap)+ Ar, + 5,2

I:IO+A12+t2_2, Q:Q()‘f‘l}z()l‘f‘AQz‘f‘Oz_z

A=A+ r)a+ 2A/a)[sin(e —ap) +sinap]l + Ars + €22
(83)

where 0,, ¥, and k, are secular constant coefficients caused by J,
zonal potentialincluding J, second-ordercorrections,and Ar,, Ay,
AS,, and A, represent all of the periodic perturbation terms of
O(Js, JZZ, Jy(A/a), (A/a)?). Explicitexpressionsof these terms are
given in Hashida and Palmer.’ The tesseral periodic coefficients for
$2.2, 2.2, 02,2, and €, » are shown in the Appendix of this paper. The

analytic descriptionis then compared with the output propagated by
a second-order Bulirsch-Stoer integrator.'* This integrationmethod
provides high levels of orbital accuracy as well as very short inte-
gration times.

We define our starting conditions in terms of the position and
velocity of the satellite at some initial epoch # =0, hence at an
ascending node A = 0. Then the osculating orbital plane is defined
asthe planecontainingthe positionand velocity vector,and once this
planehasbeendefined we canimmediately determinethe inclination
Iy and right ascension of the ascending node €2. For the given
satellite’s initial position and velocity we can compute the Jacobi
constant C without any truncations through Eq. (29). From this we
obtain our mean semimajor axis by solving Eq. (60) iteratively. All
that remains for the epicycle descriptionof the orbit are the epicycle
amplitude A and the epicyclephase at perigee o p . These appearedas
constants of integration in our radial equation. Because everything
else is known, the radial position of the satellite then gives a value
for A cosap, where we have used the fact that « =0 at the initial
epoch. Differentiating the equation for r gives the radial velocity
and an expression for A sina p. These are then easily solved for the
remaining unknowns. This completes the set of epicycle parameters
that we require.

We have chosen a low Earth orbit with a semimajor axis of
7178 km, which is about800km orbitalaltitude. The numericallyin-
tegrated orbitand the analytic orbit are both propagatedfor 360 days
(which corresponds to more than 5000 orbits) in order to determine
the magnitude of the errors.

In Fig. 1 we have plotted the peak positional error in terms
of along, cross, and radial directions over the 360 days propa-
gation as a function of inclination angle. To obtain the result,
we have chosen the initial condition to give a very small epicy-
cle amplitude, A/a~ O(10~°). For this simulation it appears to
have a peak error around the inclination of 50 deg. This re-
sult shows, however, the dominant along-track peak errors are
at most approximately 0.7 km (1 x 10~ rad for the given value
of the semimajor axis) for all inclinations. If we consider 5000-
orbit propagation time, the epicycle phase o reaches more than
3 x 10* rad, then this order of along-track error indicates that the
error in semimajor axis Aa/a is O(107%) ~O(107°) by assum-
ing Aaja~ —(%)Any/ng =—(3)Aa/a. This order of error might
come from unmodeled J; or J,J,, terms.

The peak positional error as a function of (normalized) epicycle
amplitude is also presented in Fig. 2; here the inclination angle is

Peak Positional Error [km]

10 20 30 40

50 60 70 80 90

Inclination [degree]

Fig.1 Peak positional error in along-track, cross-track, and radial direction during 5000 orbits propagation (in kilometers) as a function of inclination

angle (in degrees).
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km}

l

Peak Positional Error
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. 2.5 3
Normalized Epicycle Amplitude A/a

3.5 4 4.5 5

x 107

Fig.2 Peak positionalerror in along-track,cross-track, and radial direction during 5000 orbits propagation (in kilometers) as a function of normalized

epicycle amplitude A/a (or eccentricity). The inclination angle is 98 deg.
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Fig.3 Error in along-track direction (in kilometers) as a function of propagation time (in days). The inclination angle is 98 deg. The - - - indicates

errors without J; , terms in epicycle formulation.

fixed to be 98 deg to obtain the result. This plot shows that the er-
ror increases as the epicycle amplitude becomes larger. The peak
along-track error reaches 7 km at A/a =35 x 1073 corresponding
to the error in semimajor axis of Aa/a~2 x 1078, This is, how-
ever, caused by our assumption of O(A /a) ~ O(J,), by which we
establish our ordering scheme of perturbation terms.

We have propagatedtwo orbits for one day by our epicycle formu-
lation, one including and the other excluding J, , terms. We have
used zero epicycle amplitude and 98 deg inclination. The along-
track propagation errors of the two epicycle orbits with respect to
the time are presentedin Fig. 3. We have chosenthe initial ascending
node €2, and sidereal angle 6, such that 2(Q2y — 0y — ¥»,) = 7/2.
So that the half-daily along-track solution from J, , is arranged by

€22 + 032 COS 10 = —AL2_2_1 [1 - COS(2192 - 26()9)] (84)

We can clearly see the effect of half-daily periodic perturbationin
Fig. 3. The amplitude of this half-daily periodic variation seems to
reach almost 1.3 km, leading 1.9 x 10~ rad variation in the along-
track direction while this is, through Egs. (67), given by

2
9 R sin® I
AL =), =) —=
[ALy5 ;| 22'2(a)|ﬂz—we|

Considering the orbit we are assuming, which is 7178-km semi-
major axis and 98-deg inclination that gives w,~7.0 x 1072,
R/a=~8.9x 107!, and sin I, 9.9 x 107!, then Eq. (85) indicates

(85)
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the magnitude of half-daily variation |AL; 5 ;| 0f 9.0 x 10~%, which
gives 1.8 x 10~ at the peak through Eq. (84). This agrees with the
result we have obtained. As we can see in Fig. 3, if the J, , terms
are taken into account in the epicycle formulas, then the propaga-
tion error, compared to the reference orbit, becomes significantly
smaller.

Odd-Degree Tesseral

We have also performed the simulation to justify our results from
the odd- degree tesseral potential. We have chosen the third-degree
second-order tesseral J3, for our simulation, namely, we assume
that the disturbing potentail V' is

579

V = (u/r)[J2(R/r)* Py(cos )

— J55(R/r)* P}(cos8) cos 2(¥ — 135)]

The epicycle formulation of this orbit is similar to Eqs. (83), and
all of the J5, tesseral periodic coefficients are also introduced in
the Appendix. As we did in the preceding section, two orbits have
been propagated for one day, one including and the other exclud-
ing J3, terms. A 7178-km semimajor axis, zero epicycle ampli-
tude, and 98-deg inclined orbit are used for this simulation. We
choose the initial ascendingnode €2 and sidereal angle 6, to satisfy
2(R2¢ — 6y — ¥3.0) = 7 /2. The along-track propagationerrors of the

(86)

—— with J32
— — - without J32

Along Track Error [km]

.3 l l I} !
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Time
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Fig.4 Error in along-track direction (in kilometers) as a function of propagation time (in days). The inclination angle is 98 deg. The - - - indicates

errors without J3 ; terms in epicycle formulation.
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Fig. 5 Variations in & = (A/a) cos &p and n= (A/a) sin &p from the J3,2 terms as a function of propagation time (in days). A and &p are osculating

epicycle amplitude and phase at perigee passage, respectively.
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two orbits with respect to the elapsed time are shown in Fig. 4. We
can see the one orbital periodic variation with the one-day periodic
envelopein Fig. 4 if J; , terms are neglected. This is caused by the
couplingeffect of terms with two frequencies,approximatelyn, and
(1E£2w,)ny.

The epicycle amplitude for the given initial condition is A /a =~
7.5 x 107%, when J; , terms are ignored. This orginal epicycle term
introduces frequency of ny and x3,; and x3,, terms in Egs. (78)
have frequenciesof (1 + k) £ 2(¢, — w,)ny =~ (1 F 2w, )ny. The re-
sults show that the peak periodic perturbation can reach about
0.2 km, which corresponds to approximately 2.8 x 1073 radians
in the along-track direction. Because of our choice of €2, and 6, the
along-track solution of these terms is arranged by

€39 +0’;200510 AL';Z 1 Sll’l[(l +K2 +27}2 26()8)0[]

— ALj,,sin[(1 4k — 20, + 2w,)a] (87)

Let us evaluate the magnitude of x3, ,. terms:

15 (RY
|X3.2.Pi| = ?J&z(;)

for the given orbit. Using the values of w,, R/a in the preceding
section and J3,~3.74 x 1077, we have |x32|~4.3 x 107° and
|X3.2.2] 2.3 x 107°. Therefore, from the along-track variation co-
efficients in Eqs. (A17) in the Appendix and the along-track epicy-
cle coefficients of 2A /a, the peak variation of J; , peridic terms can
reach what we have obtained through the simulation. If we include
J;3,, terms, we obtain significant agreement with the reference obrit.

We have also presented the half-daily periodic variation in our
epicycleamplitudeand phase at perigee passageas aresultof the J; »
tesseral potential. To identfy this variation clearly, we have disabled
the J, potential, e.g., we pretend J, =0 in the disturbing potential
V defined in Eq. (86).We have used the initial condition to give the
“mean” epicycle amplitude A/a =1.1 x 107 in Egs. (80) for this
simulation. The epicycle orbit without J, perturbations is propa-
gated for one day, and the osculating orbital elements are derived at
every sampling step. Using the osculating epicycleamplitude A and
the epicycle phase of perigee passage ap, we define two parameters
of & := (A/a) cosap and n:= (A/a) sin@p. These two parameters
with respect to the time are shown in Fig. 5. We can clearly see the
half-daily periodic variations in both £ and n as we discussedin the
preceding section. Because we neglect J, term, the variations in &
and 5 are O(107%) ~ O(10~°) and mainly introduced by x3 ., and
X3.2.2 terms, which have the w, divisor.

sinIo (1 F 2cos I — 3 cos® 1)
2(192 - a)e) + K2

(88)

Conclusions

We have presented the solution for the motion of a satellite in a
near-circularorbit perturbed by the tesseral potential. We formulate
the perturbed orbit by the use of epicycle motion for the radial and
azimuthal solutions and another two coordinates: instantaneous (or
osculating) inclinationand ascendingnode. Our formulationis valid
for orbital eccentricities of order comparable to J, or smaller.

This representation requires four coordinates to locate the satel-
lite, but greatly simplifies the description of the motion and gives a
simple geometric interpretation with concise form. We have given
the tesseral perturbationterms that appear in these four coordinates
up to an arbitrary degree and order of tesseral potential without any
eccentricity divisor.

We have shown even-degree tesserals give m-daily periodic per-
turbations to the four epicycle coordinates and odd-degree tesserals
lead to m-daily periodic perturbationsto the epicycle amplitude and
phase at perigee passage. We have found that the amplitude of the
fourth-degree m-daily perturbations can become larger than that of
the second-degreetesseral J, , for some specific orbits and investi-
gated the conditions for this on both semimajor axis and inclination.

We have compared the predictions of these analytic equations
with numerical simulations including the effects of J, and J,,,
J32. We have shown that the errors in the semimajor axis of the
satellite are of order O(107°) ~ O(107%), which is to be expected
by neglectingterms such as J; or J,J5 5. We have shown the effectof
half-daily periodic variations, which can induce about a kilometer

along-track variation for a low Earth-orbiting satellite caused by
the J, , potential. We presented the half-daily perturbations in our
epicycle amplitude and phase at pergee passage caused by the odd
tesseral J; , potential.

We have demonstrated that our analytical formulation includ-
ing tesseral terms provides only subkilometer propagation errors
compared with the numerically integrated orbit after 5000 orbits
propagation for a low-Earth near-circular orbit.

Appendix: Jacobi Constant and Epicycle Coefficients
Jacobi Constant
We multiply 6 through the second of Egs. (7) to obtain

réi(ré) + 0% — r2¢*0 sin0 cos = —ﬂé (A1)
dr ¢ Y,

Similarly by multiplying v/ through the third of Eqs. (7) and arrang-
ing it, we have

. d . d
ryr sin@a(rw sinf) — rwg sin@—(rw@ sin6)

+rirg?sin® 6 + r2¢%0 sin6 cosf = _g_'ﬁw (A2)
where we rewrite 6, =0, + wg! and wg is the Earth’s sidereal
rotation rate. We shall also note that 3V /dp =3V /3. Remember
¥ is defined by ¥ = ¢ — 6, through Eq. (9). By using v instead
of ¢, we regard V(r, 6, ¢ —6,) as V(r, 0, ¥), which is introduced
inEq. (10).If we multlplyrthroughtheﬁrstoqus (7) and substitute
Eqs. (Al) and (A2) to ehmmate ri (6% + ¢* sin® 0) term, we have

i+ r@a(ré) + rw sin@—(rw sin6)

—rwg sm@ (ra)@ sinf) + —r +V=0 (A3)
where
. oV . oV .
V="00t 26+ A4
o T 0 ww (A4)

because 3V /3t =0 in (r, 0, ) rotating coordinate. We then inte-
grate Eq. (A3) to obtain Eq. (28).

Epicycle Zonal J,; Coefficients®
Jy; secular coefficients are

R 21 .
Q:(zl_l).,z[ ; LZI

cotly
= =2J 2kL
2’( ) sin Iy X:: 2

R 21
K = _7}2[ ({0 IO — (4l — 1).’2, (—) L(Z)I (AS)
a
where
(21 — 2k)!
Ly = m 51 (0) P3f (cos 1) (A6)

Jy periodic coefficients are

21
R (— 1k
AI‘ZZZ(ZZ—I)JZ,(;) |:1——(2k)2 L%’,‘a
R 2
ALY =20y (;) (—1)f cot IhL3
R cot /,
ko o kM0 2k
AQL = 212,(0) (- — — (L2,+2,§k+12 )

(—DF 2020 — 1)
AN, = —AQE cos Ty — 212,(0) o [1+1_(2k)2 L2

(A7)



HASHIDA AND PALMER 581

Epicycle Tesseral J, > Coefficients
We introduce the notation of

0 =21 — w, + k), 0_, =2(0 —w, — k) (A8)

and o2, are ignored to obtain the following coefficients.
J,., radial coefficients:

Aryag=+h,(R/a)a(l — Lo,,)(1 + cos Iy)?
Arysy = —%Jz.z(R/a)za sin® I,

Aryan = tho(Rja)ya(l+ Lo.,)(1 —cosly)®  (A9)

J,, inclination coefficients:
Ao = =31 (R/a) (1= foys) sinIo(1+ cos Io)
ALy, = —3205(R/a)[sinly /(¥ — w.)]
ALy, = %Jz.z(R/a)z(l + %O',g) sin Iy(1 — cosI;)  (A10)

J,.» ascending node coefficients:

N R —%Jz.z(R/a)z(l - %02)(1 + cos Ij)

Ao = %Jz.z(R/a)z[Cos I/ (8 — w,)]

Aoy = —200(R/a) (14 20,) (1 —cosly) (A1)

J>, argument of latitude coefficients (We denote AL,, ,:=
A)Lz_z_p + AQz_z_p Ccos Ig.)Z

ALy o= é-’z.z(R/a)z(l - %aﬂ)(l + cos Iy)?
ALy, = 2ho(Rja) [sin* I/ (9 — w,)]
ALy, = —éjz.z(R/a)z(l + %072)(1 —cosly)?  (Al12)

Epicycle Tesseral J3 » Coefficients
We introduce the notation of
w,) + K, o_ =20 —

0 = 2(19 - we) —K

0,3 =200 — w,) + 3k, o3 =200 —w,) — 3k (Al13)
and 02,, o2, are ignored to obtain the following coefficients.

J3.» radial coefficients:

Ar3 0 = ;—;ng(R/a)ga(l — —O'Jr';) sin 10(1 + cos IO)
Aryp =dxsan, Ar3p, =dx3a0
Ary,3=—2J5,(R/a) Sa(1+ 2o ';) sin Iy (1 — cos I,)?

(A14)

J3.» inclination coefficients:

Alzo —313.2(["/0)3(1 - %0+3)(2 —3cosly)(1 + cos Iy)*

ALy = —8U55(R/a) (1 — 041)(2 — cos 1)

X
—

1 —2cosly —3cos’ IO)
ALy = —L755(R/a) (14 0-1)(2 + cos Iy)
X (1 + 2cos Iy — 3 cos? I())

Aly,y = —215(R/a)* (14 L0_3) 2+ 3cos Ip)(1 — cos Iy)?
(A15)

J3.» ascending node coefficients:

5 (RY 1
AQ300 = —§J3,z - 1— 30+

1 + COSIO

— Iy —3 I
Sll’l[o ( COS 1y COS 0)
R
A3 5 Z—Jzz P (1 —041)
1 1
X —+. k! (2 + 5cos Iy — 9 cos? IO)
sin [
15 (RY
Aszz——§Jzz (I+o0_y)
1-— 1,
x ———= (3 — 5005 Iy — 9 cos? Ip)
sin [
AQ353 = 5] RY 1+ 1
3,23 = 3 3.2 P 3073
1 — cos /|
——22 (2 + cos Iy — 3cos? Ip) (A16)
sin /

Js,, argument of latitude coefficients (We denote ALj, , =
A)\3_2_p + AQ3_2_p ({0 Ig.)Z

ALy, = =J5,(R/a)’ (1 - —a“) sin Iy(1 + cos Iy)>
AL3y = 173513,2(13/0)3(1 —2041)sin I

x (1 —=2cosly —3cos’ Iy) — 231
ALs,, = 1735-73,2(13/0)3(1 + 20_;) sin Iy

X (1 +2cos Iy — 3 cos I()) —2x322

ALy = 2J55(R/a)* (14 So_s) sino(1 — cos Ip)? (A17)
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