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Epicyclic Motion of Satellites Under Rotating Potential

Yoshikazu Hashida¤ and Philip L. Palmer†

University of Surrey, Guildford, England GU2 7XH, United Kingdom

Further to our work on the epicyclic description of perturbed orbits under axisymmetric potential, we present
the extended analysis focusing on the tesseral harmonic potential. We restrict the problem to a near-circular orbit
of which eccentricity is assumed to be of order J2—Earth’s second zonal harmonic—and introduce the analytical
formulationof � rst-order perturbed epicycle orbit up to an arbitrary degree and order of tesseral harmonics.Some
periodic terms of interest as a result of tesseral terms are discussed. Explicit coef� cients for these periodic terms are
also given for second and third degrees. We have shown that the amplitude of the fourth-degree tesseral periodic
perturbations can become larger than that of the second-order tesserals for some speci� c orbits and the conditions
for this are addressed. We also present simulation results to establish the accuracy of our epicycle modeling by
comparing with numerically integrated orbits, and we obtain only subkilometer positional error after 5000 orbits
propagation for a low-Earth near-circular orbit.

Introduction

I N 1959Kozai1 and Brouwer2 introducedanalyticsolutionsof the
perturbedorbital elementsof a satellitemoving in as axisymmet-

ric potential. Since then, there has been an extensive body of liter-
ature studying the motion of satellites in axisymmetric potentials.
Merson3 evaluated the perturbation of an orbit caused by several
low-degree zonal harmonics. Cook4 summarized the nature of long
periodic variations for particularly near-circular orbit up to an ar-
bitrary odd zonal harmonic degree. Recently, by focusing on only
near-circular orbits whose eccentricities are assumed to be O.J2/
Hashida and Palmer5 reviewed this problem and reformulated the
perturbativemotion of satellites in terms of a new epicyclicdescrip-
tion, which brings mathematical simplicity of the formulations and
also providesa simple geometric interpretationof the descriptionof
the orbit.

In 1960 Musen6 presented a method for the determination of
tesseral/sectoral (hereinaftersimply tesseral) harmonics in the grav-
itational � eld, with the availability of more accurate data and ex-
tended over longer intervals of time. Cook,7 in 1963, published
completedescriptionsof long-periodicvariationscausedby tesseral
harmonics up to the fourth degree without any assumptions on in-
clination and eccentricity. Kaula8 derived generalized expressions
for � rst-order perturbations for any term in the potential. He con-
verted the spherical harmonic potential in terms of the classical
Keplerian elements by introducing the inclination and eccentric-
ity functions and solved the problem through Lagrange’s planetary
equations.

In this paper we review the problem of tesseral harmonics for
near-circularorbits by using the epicycledescription;therefore, this
article representsan extensionof our work on satelliteepicyclicmo-
tion under a zonal potential.5 We have shown the � rst-order tesseral
perturbations up to an arbitrary degree by the use of Kaula’s incli-
nation functions.8 Our simple formulation of the perturbed orbit is
useful not only for analytical approaches to mission analysis, but
also for the design of an onboardorbit estimator.An orbit estimator
using analytical solutions of perturbed orbits, in spite of its mod-
erate accuracy, might be preferable especially for micro- or even
nano-satelliteswhere the processing resources might be limited.

We brie� y review the description of epicycle orbits around a
spherical Earth and interpret these basic descriptive equations. We

Received 18 January 2001;revision received 26September 2001;accepted
for publication 8 October 2001. Copyright c° 2001 by Yoshikazu Hashida
and PhilipL.Palmer. Publishedby the American Institute of Aeronautics and
Astronautics, Inc., with permission. Copies of this paper may be made for
personal or internal use, on condition that the copier pay the $10.00per-copy
fee to the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers,
MA 01923; include the code 0731-5090/02 $10.00 in correspondence with
the CCC.

¤Engineer, Surrey Space Centre, Surrey Satellite Technology Ltd.
†Reader, Surrey Space Centre.

then derive the linearized equations of motion in the variables we
have chosen.We provide � rst-orderanalytic solutionsto these equa-
tions for each term in the tesseral harmonic expansion and discuss
some terms of interest. Finally, we show comparisons of these ana-
lytic formulaswith accuratenumericalsimulationsofsatelliteorbits.

Keplerian Epicycle
We begin by reviewing brie� y the epicycle motion of satellites

in low-eccentricity orbits about a spherical Earth.5 The Keplerian
equations of motion are

Rr ¡ r P̧ 2 D ¡ ¹

r 2
;

d
dt

.r 2 P̧ / D 0 (1)

described in some polar coordinates .r; ¸/, where ¹ is the gravita-
tionalparameter.For circularorbitswe can � nd a solutionto Eqs. (1)
in which r D a and P̧ D n0 , where both a and n0 are constants that
satisfy a3n0

2 D ¹. We are interested in the motions of satellites in
very low-eccentricity orbits, which can be found by perturbing the
preceding solution. For this, let r D a C s and P̧ D n0 C P². Ignor-
ing second-order terms in these small corrections, we have shown
Eqs. (1) are linearized by
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The orbital energy is also linearized by

E D ¡.¹=2a/[1 ¡ 2.2s=a C P²=n0/] (3)

Therefore through Eq. (3), by choosing the mean radius a as the
radius of a circular orbit of the same orbital energy, the second of
Eq. (2) can be integrated by

2s=a C P²=n0 D 0 (4)

We formulate the epicycledescriptionof Keplerianorbitsby solving
the � rst of Eqs. (2) and Eq. (4) and can easily expand to three-
dimensional motion because the inclination I and ascending node
Ä stay constant:

r D a ¡ A cos.® ¡ ®P /; I D I0; Ä D Ä0

¸ D ® C .2A=a/[sin.® ¡ ®P / C sin ®P ] (5)

The angle ® is de� ned through the mean motion n0 by n0t and
measured from the ascending node, called epicycle phase. Two pa-
rameters A and ®P are integration constants, called epicycle am-
plitude and epicycle phase at the perigee passage. We are assum-
ing O.A=a/ ¼ O.J2/ throughout this paper. We also show that the
argument of perigee ! is related to ®P through

! D ®P C .2A=a/ sin ®P (6)
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We are describing the position of a Keplerian orbit using four co-
ordinates of .r; I; Ä; ¸/. Two coordinates I and Ä determine the
orientation of the orbital plane in three-dimensionalspace, and an-
other two coordinates, r and ¸, represent the position of a satellite
in this orbital plane by the epicyclic description.

One might notice that we do not have a secular term in the az-
imuthal¸ solutionin Eqs. (5)becauseof thechoiceof our semimajor
axis. This choice, however, can always be performed if we consider
only one satellite. This implies that a major orbit control problem
can arise in order to eliminate the relative secular term if a cluster
of satellites, such as a satellite constellation or formation � ying, is
considered.

Linearized Equations of Motion
In this section we derive the linearized equations of motion de-

scribing the motion of a satellite in three dimensionsusing the four-
coordinates representationdeveloped in the preceding section.

Equations of Motion in New Variables
Starting from spherical polar coordinates .r; µ; ’/, the equations

of motion under a rotating potential are

Rr ¡ r. Pµ 2 C P’2 sin2 µ/ D ¡ ¹

r 2
¡ @V

@r

d

dt
.r 2 Pµ/ ¡ r 2 P’2 sin µ cos µ D ¡

@V

@µ

d

dt
.r 2 P’ sin2 µ/ D ¡ @V

@’
(7)

We relate the conventional notation of Cnm and Snm to Jnm by

Cnm D Jnm cosmÃnm ; Snm D Jnm sin mÃnm (8)

Ãnm is not uniquely determined because of unknown factors,which
are multiples of 2¼=m; however, we shall take the smallest positive
value for Ãnm :7 The angle Ã , which is geographic longitude, is
related to ’ by

Ã D ’ ¡ µg (9)

and µg is Greenwich sidereal time expressed as an angle. Then the
potentialV causedby the l-deg zonal and the n-deg m-order tesseral
contribution in Eq. (7) is given by

V D .¹=r/Jl .R=r /l Pl .cos µ/

¡ .¹=r/Jnm.R=r/n Pm
n .cosµ / cos m.Ã ¡ Ãnm / (10)

where we have assumed m 6D 0 throughout this manuscript. The
notation of R is the Earth’s mean equatorial radius.

We can relate the position of the satellite .µ; ’/ to the orbital
parameters .I ; Ä; ¸/ such that

sin µ cos.’ ¡ Ä/ D cos ¸; sin µ sin.’ ¡ Ä/ D cos I sin ¸

cos µ D sin I sin ¸ (11)

We also have the following useful equalities5:

P’ sin2 µ D Pº cos I ; Pµ sin µ D ¡Pº sin I cos ¸

Pµ 2 C P’2 sin2 µ D Pº2; PI sin ¸ D PÄ sin I cos ¸

Pº D P̧ C PÄ cos I (12)

where º is the true anomaly. By differentiating the � rst and second
of Eqs. (11), we can show that

@
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sin µ sin¸
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¡ sin I cos ¸

sin µ

@
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D ¡ sin I cos¸
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C cos I

@

@¸
(13)

where Á D ’ ¡ Ä D Ã C µg ¡ Ä.

By introducing hz D r 2 Pº cos I , which is the z component of
angular momentum, the third of Eqs. (7) is

Phz D ¡ @V

@’
(14)

If we multiply through the second of Eqs. (7) by sin µ , we can write
it in the form:

d

dt
.r 2 Pº sin I cos¸/ C r 2 Pº2 sin I sin ¸ D sin µ

@V

@µ
(15)

Using Eqs. (12) and (14), we can write this equation as

hz
PI sin2 µ D cos2 I cos ¸

³
sin µ

@V

@µ
C tan I cos ¸

@V

@’

´
(16)

The ascending node equation is then obtained by the fourth of
Eqs. (12) through Eq. (16), and the radial equation, the � rst of
Eqs. (7), is given by

Rr ¡ r Pº2 D ¡ ¹

r 2
¡ @V

@r
(17)

Kaula8 and Palmer9 have introducedan inclinationfunction Fnmp.I /
through the relations:

Pm
n .cos µ/ cos mÁ D

nX

p D 0

Fnmp.I / cos.n ¡ 2p/¸

Pm
n .cos µ/ sin mÁ D

nX

p D 0

Fnmp.I / sin.n ¡ 2p/¸ (18)

if .n ¡ m/ is even, and

Pm
n .cos µ/ cosmÁ D

nX

p D 0

Fnmp.I / sin.n ¡ 2p/¸

Pm
n .cosµ/ sinmÁ D ¡

nX

p D 0

Fnm p.I / cos.n ¡ 2p/¸ (19)

if .n ¡ m/ is odd. The inclination function Fnmp.I / is de� ned by

Fnmp.I / D
min.p;k/X

t D 0

.2n ¡ 2t/!

22n ¡ 2t t !.n ¡ t/!.n ¡ m ¡ 2t/!

£ sinn ¡ m ¡ 2t I
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s D 0

³
m

s

´
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X

c

.¡1/c ¡ k

£
³

n ¡ m ¡ 2t C s

c

´ ³
m ¡ s

p ¡ t ¡ c

´
(20)

where k is the integer part of .n ¡ m/=2 and c is summed for all
values for which the coef� cients are not equal to zero.

For convenience,we shall de� ne the following functions:

Cnmp.¸; Ä; µg/ D
»

cos

sin

¼
.n ¡ m/ even

.n ¡ m/ odd

[.n ¡ 2p/¸

C m.Ä ¡ µg ¡ Ãnm /]

Snmp.¸; Ä; µg/ D
»

sin

¡cos

¼
.n ¡ m/ even

.n ¡ m/ odd

[.n ¡ 2p/¸

C m.Ä ¡ µg ¡ Ãnm /] (21)

Using Eqs. (18) or (19), the potential Eq. (10) is rearranged by

V D ¹

r
Jl

³
R

r

´l

Pl .sin I sin ¸/ ¡ ¹

r
Jnm

³
R

r

´n

£
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Fnmp.I /Cnmp.¸; Ä; µg/ (22)
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By computing @V=@Á, @V=@ I , and @V=@¸, the second of Eqs. (13)
results in the following equality:

[m ¡ .n ¡ 2p/ cos I ]Fnmp.I /Snmp.¸; Ä; µg/ sin ¸

D sin I F 0
nmp.I /Cnmp.¸; Ä; µg/ cos ¸ (23)

where the notation of F 0
nmp.I / D dFnmp.I /=dI is introduced.

The angular momentum equation of Eq. (14) becomes

Phz D ¡m
¹

r
Jnm

³
R

r

´n nX

p D 0

Fnmp.I /Snmp.¸; Ä; µg/ (24)

The inclination equation (16) is arranged by

h z
PI D ¡ ¹

r
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³
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d.sin I sin¸/
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[m ¡ .n ¡ 2p/ cos I ]Fnmp.I /Snmp.¸; Ä; µg/ (25)

Then the ascending node equation is found through the fourth of
Eqs. (12) by

h z
PÄ D ¡ ¹
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dPl .sin I sin ¸/
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C ¹
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F 0
nmp.I /Cnmp.¸; Ä; µg/ (26)

Note that Eq. (23) is used to obtain both inclination and ascending
node equations. The radial equation (17) is given by

Rr ¡ r Pº2 D ¡
¹

r 2
C .l C 1/

¹

r 2
Jl

³
R

r

´l

Pl .sin I sin ¸/

¡ .n C 1/
¹

r 2
Jnm

³
R

r

´n nX

p D 0

Fnmp.I /Cnmp.¸; Ä; µg/ (27)

Jacobi Constant of Motion
Unlike the motion under axisymmetric potential, both the orbital

energy and the z component of the angular momentum vector are
no longer conserved.However, we can show the constant of motion
by introducing a rotating coordinate, which is known as the Jacobi
constant. The Jacobi constant C is given by

1
2

£
Pr 2 C .r Pµ/2 C r 2

¡
PÃ 2 ¡ !2

©

¢
sin2 µ

¤
¡ ¹=r C V D C (28)

where we introduce the notation of !© D Pµg , which is the Earth’s
sidereal rotation rate. The derivation of Jacobi constant Eq. (28) is
shown in the Appendix of this paper. Reverting back the coordinate
Ã to ’ by PÃ D P’ ¡ !© and using the � rst of Eqs. (12), we � nd the
Jacobi constant:

C D E ¡ !©r 2 Pº cos I D E ¡ !©hz (29)

where the notation E represents the orbital energy.

First-Order Linearized Equations
We seeksolutionsto theprecedingequations(24–26) in theneigh-

borhood of circular orbits. Let us de� ne I0 and Ä0 as instantaneous
(or osculating) inclinationand right ascensionof the ascendingnode
at an epoch when the instantaneous argument of latitude reaches
zero (or at an initial ascending node). We shall take into account
J2l even-degree zonal terms to linearize the Jnm tesseral equations
because even-zonal harmonics introduce secular perturbations on
our argument of latitude and right ascensionof the ascending node.
The dominant J2.l D 1) harmonic will be the most practical term of
interest.

Let us represent our coordinates by

r D a C s2l C snm ; I D I0 C ¶2l C ¶nm

Ä D Ä0 C o2l C onm ; ¸ D ® C ²2l C ²nm (30)

where the de� nition of a, the mean semimajor axis, shall be given in
a later section. The ® angle, mean argument of latitude or epicycle
phase, is then de� ned by n0t through a3n2

0 D ¹. s2l , ¶2l , o2l , and
²2l are small correction terms from the J2l potential including the
Keplerian epicycle terms5:

s2l D a% ¡ A cos.® ¡ ®P / C
lX

k D 1

1r k
2l cos 2k®

¶2l D
lX

k D 1

1I k
2l .1 ¡ cos 2k®/; o2l D #® C

lX

k D 1

1Äk
2l sin 2k®

²2l D ·® C .2A=a/[sin.® ¡ ®P / C sin ®P ] C
lX

k D 1

1¸k
2l sin 2k®

(31)

and explicit coef� cients in Eq. (31) are introduced in the Appendix.
Note that # and · are secular perturbation terms. We have shown
that the zonal solutions satisfy following equality5:

±2l D 2s2l

a
¡ ¶2l tan I0 C d²2l

d®
C do2l

d®
cos I0 D ¡J2l

³
R

a

´2l

P2l .0/

(32)

snm , ¶nm , onm , and ²nm are caused by Jnm tesseral potential,which we
are going to evaluate through this paper. We also describe sidereal
time µg in terms of epicycle phase ®, which is a dimensionless time,
such that

µg D µ0 C !©t D µ0 C !e® (33)

where µ0 is the sidereal time at t D 0; hence, ® D 0. Note that !e

is the sidereal Earth rotation rate normalized by the satellite mean
motion n0, e.g., !e D !©=n0.

Let us introduce the following abbreviations:

Cnmp.®/ :D Cnmp [.1 C ·/®; Ä0 C #®; µ0 C !e®]

D
»

cos

sin

¼
.n ¡ m/ even

.n ¡ m/ odd

[¿nmp® C m.Ä0 ¡ µ0 ¡ Ãnm/]

Snmp.®/ :D Snmp[.1 C ·/®; Ä0 C #®; µ0 C !e®]

D
»

sin

¡cos

¼
.n ¡ m/ even

.n ¡ m/ odd

[¿nmp® C m.Ä0 ¡ µ0 ¡ Ãnm /] (34)

where ¿nmp is de� ned by

¿nmp D .n ¡ 2p/.1 C ·/ C m.# ¡ !e/ (35)

Then for the � rst-orderapproximationCnmp and Snmp functionswith
Jnm coef� cients can be regarded as a function of epicycle phase ®
because we have
»

Cnmp.¸; Ä; µg/

Snmp.¸; Ä; µg/

¼
¼

»
Cnm p.®/

Snmp.®/

¼
C

»
¡Snmp.®/

Cnmp.®/

¼
1®nmp (36)

where

1®nm p D .n ¡ 2p/.²2l ¡ ·® C ²nm / C m.o2l ¡ #® C onm/ (37)

and 1®nmp is a periodic term of O.A=a; J2l; Jnm/; therefore,we can
ignore the second term of the right-hand side of Eq. (36).

Using the last of Eqs. (12) and substituting our representationof
coordinates (30) to hz , they can be linearized by

hz D a2n0.1 C ±2l C ±nm/ cos I0 (38)

where

±nm D
2snm

a
¡ ¶nm tan I0 C

d²nm

d®
C

donm

d®
cos I0 (39)
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Unlike for a zonal potential, ±nm is no longer constant (±2l is a con-
stant). Linearizing Eq. (24) gives

d±nm

d®
D ¡m Jnm

³
R

a

´n nX

p D 0

Fnmp.I0/

cos I0
Snmp.®/ (40)

The inclinationequation (25) and ascendingnode equation (26) are
linearized by

d¶nm

d®
D Jnm

³
R

a

´n nX

p D 0

[m ¡ .n ¡ 2p/ cos I0]Fnmp.I0/

sin I0
Snmp.®/

(41)

donm

d®
D Jnm

³
R

a

´n nX

p D 0

F 0
nmp.I0/

sin I0
Cnmp.®/ (42)

We also obtain the linearized radial equation such that

d2

d®2

³
snm

a

´
C

snm

a
D 2±nm C 2¶nm tan I0

¡ .n C 1/Jnm

³
R

a

´n nX

p D 0

Fnmp.I0/Cnmp.®/ (43)

Equations (40–43) represent the linearizedequations of motion un-
der the tesseralpotential.All J2l terms are canceledout for the given
solutions of s2l , ¶2l , o2l , and ²2l .

Solving Linearized Equations
In this sectionwe shallderive� rst-ordersolutionsto the linearized

equations (40–43) obtained in the preceding section.

First-Order Solutions Caused by Tesseral Harmonics
By integrating Eq. (41), we obtain

¶nm D Jnm

³
R

a

´n nX

p D 0

[.n ¡ 2p/ cos I0 ¡ m]Fnmp.I0/

¿nmp sin I0

£ [Cnmp.®/ ¡ Cnm p.0/] (44)

The ascending node perturbation is also solved by

onm D Jnm

³
R

a

´n nX

p D 0

F 0
nmp.I0/

¿nmp sin I0
[Snmp.®/ ¡ Snmp.0/] (45)

The angular momentum equation (40) is integrated to give

±nm D m Jnm

³
R

a

´n nX

p D 0

Fnmp.I0/

¿nmp cos I0
Cnmp.®/ ¡ ±0

nm (46)

and ±0
nm is some integration constant that needs to be determined.

Notice that ±nm is not necessarilyzero at t D 0 (® D 0). Substituting
±nm and ¶nm solutions of Eqs. (44) and (46) into the radial equa-
tion (43) and ignoring the complimentary function (which is just
the epicycle term already accounted for), we obtain the radial per-
turbation solution snm such that

snm

a
D ¡2

¡
±0

nm C ¶0
nm tan I0

¢
¡ Jnm

³
R

a

´n

£
nX

p D 0

[.n C 1/¿nmp ¡ 2.n ¡ 2p/]Fnmp.I0/

¿nmp

¡
1 ¡ ¿ 2

nmp

¢ Cnmp.®/ (47)

where the notation of ¶0
nm is introduced through Eq. (44) by

¶0
nm D Jnm

³
R

a

´n nX

p D 0

[.n ¡ 2p/ cos I0 ¡ m]Fnmp.I0/

¿nm p sin I0
Cnmp.0/

(48)

Whenwe substituteall of the solutionswe havederivedintoEq. (39),
we can formulate the azimuthal equation by

d²nm

d®
C

donm

d®
cos I0 D 3

¡
±0

nm C ¶0
nm tan I0

¢
C Jnm

³
R

a

´n

£
nX

p D 0

»
.n ¡ 2p/ C 2[.n C 1/¿nmp ¡ 2.n ¡ 2p/]

1 ¡ ¿ 2
nm p

¼

£
Fnmp.I0/

¿nmp

Cnmp.®/ (49)

The azimuthal equation (49) is integrated by

²nm C onm cos I0 D 3
¡
±0

nm C ¶0
nm tan I0

¢
® C Jnm

³
R

a

´n

£
nX

p D 0

»
.n ¡ 2p/ C

2[.n C 1/¿nmp ¡ 2.n ¡ 2p/]

1 ¡ ¿ 2
nm p

¼

£
Fnmp.I0/

¿ 2
nmp

[Snmp.®/ ¡ Snmp.0/] (50)

All of our solutions introduced here meet a singularity when
¿nmp ¼ 0. This case is a resonancebetween the orbital frequencyand
the Earth’s rotation frequency. Recalling the notation of !e , which
is the dimensionlessEarth’s rotation rate normalizedby the satellite
epicycle frequency n0, e.g., !e D !©=n0, then ¿nmp D 0 yields

.n ¡ 2p/.1 C ·/n0 C m.#n0 ¡ !©/ D 0 (51)

which occurs if

n0 D
m!©

.n ¡ 2p/.1 C ·/ C m#
(52)

For the particular case of .n ¡ 2p/ D m for which .n ¡ m/ must
be even, Eq. (52) results in n0 ¼ !© . This shows that the epicy-
cle frequency is approximately one rotation per one sidereal day,
which is the case for a 24-hour orbit or geosynchronousorbit. Also
if n ¡ 2p D §1, then we have n0 ¼ m!© , making our solution un-
stable. This will happen if the satellite orbital period is an integer
fraction of a day, for instance, 12, 8-hour orbits. In addition, both
the radial and the azimuthal solutions have the .1 ¡ ¿ 2

nmp/ divisor,
which introducesinstabilitiesif ¿nmp ¼ §1. Similarly ¿nmp D §1 are
solved for n0 by

n0 D
m!©

.n ¡ 2p ¨ 1/ C .n ¡ 2p/· C m#
(53)

These solutions indicate that if .n ¡ 2p ¨ 1/ D m for which .n ¡ m/
must be odd, then they become n0 ¼ !© . Also Eq. (53) yields
n0 ¼ m!© when n ¡ 2p D 2; 0.

The detailed studies are made, for instance, by Blitzer et al.10 for
the geostationary orbit and by Gedeon11 who showed libration pe-
riods for several circular resonant orbits including subsynchronous
orbits such as 12-hour, 8-hour orbits.

Recently, through the analysis of the precise TOPEX/Poseidon
orbit, the effect of near-resonant tesseral harmonic perturbations
in semimajor axis is mentioned and the variations in semima-
jor axis due to the tesseral harmonic Jnm with n in the range of
13–19 and m with the values 12 and 13 are reported.12 The over-
all resonance effects from tesseral harmonics are summarized by
Vallado.13 Some interesting tesseral solutions with ¿nmp D O.m!e/
and 1 ¡ ¿ 2

nm p D O.m!e/ are investigated in a later section.

De� nition of Semimajor Axis
We have to de� ne the mean semimajor axis a found in Eq. (30) by

which we have linearizedthe equations.When only a zonal potential
is considered, we de� ne the mean semimajor axis a in terms of
the orbital energy, which is conserved.5 However, if the tesseral
potential is included, the orbital energy is no longer constant, so
that we shall de� ne a through the Jacobi constant C.
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Substituting our representationof coordinates (30) to the orbital
energy E equation, the � rst-order approximationto E is obtainedby

E D ¡ ¹

2a
C ¹

a

"
±nm C ¶nm tan I0 ¡ Jnm

³
R

a

´n

£
nX

p D 0

Fnmp.I0/Cnmp.®/

#
(54)

The terms of J2l are canceled out again for the given solutions of
s2l , ¶2l , o2l , and ²2l through the equality of Eq. (32).

We also linearize !©hz such that

!©hz D .¹=a/!e.1 C ±2l C ±nm/ cos I0 (55)

Subtracting Eq. (55) from Eq. (54), we have

C D ¡.¹=2a/ C .¹=a/[¡!e.1 C ±2l / cos I0 C 1c] (56)

where 1c is given by

1c D .1 ¡ !e cos I0/±nm C ¶nm tan I0

¡ Jnm

³
R

a

´n nX

p D 0

Fnmp.I0/Cnmp.®/ (57)

By substituting ¶nm and ±nm solutions of Eq. (44) and Eq. (46), 1c
of Eq. (57) becomes

1c D ¡.1 ¡ !e cos I0/
¡
±0

nm C ¶0
nm tan I0

¢
¡ !e ¶

0
nm sin I0

¡ Jnm

³
R

a

´n nX

p D 0

.n ¡ 2p/· C m#

¿nmp
Fnmp.I0/Cnmp.®/ (58)

Because the last term of 1c Eq. (58) is O.J2l Jnm /, the � rst-order
approximationto the Jacobi constantC is obtained through Eq. (56)
by

C D ¡.¹=2a/
£
1 C 2!e.1 C ±2l / cos I0 C 2!e ¶

0
nm sin I0

C 2.1 ¡ !e cos I0/
¡
±0

nm C ¶0
nm tan I0

¢¤
(59)

The azimuthal solution we obtained in Eq. (50) has a secular per-
turbation in the � rst term, which arises from the constant offset
±0

nm C ¶0
nm tan I0 appearing in the radial solution (47). This does not

agreewith the fact that secularperturbationsdo notoccur away from
resonance as a result of the tesseral potentials.13 This arises from a
choice of mean semimajor axis, and hence there should be a well-
de� ned semimajor axis, which gives no secular term. Equation (59)
suggests that if we de� ne our semimajor axis a through the Jacobi
constant C such that

a D ¡.¹=2C/
£
1 C 2!e.1 C ±2l/ cos I0 C 2!e ¶

0
nm sin I0

¤
(60)

then ±0
nm C ¶0

nm tan I0 D 0, which removesthe secular term, andhence
the ±0

nm constant is explicitly determined by

±0
nm D Jnm

³
R

a

´n nX

p D 0

[.n ¡ 2p/ cos I0 ¡ m]Fnmp.I0/

¿nmp cos I0
Cnmp.0/

(61)

through Eq. (48). Because the terms of !e, ±2l , and ¶0
nm are also

functions of semimajor axis a, the iteration scheme can be used to
obtain the semimajor axis a de� ned in Eq. (60). We therefore use
Eq. (60) to de� ne our semimajor axis, which is a natural gener-
alization of its de� nition in our study of perturbations because of
axisymmetric potential5 in terms of conserved orbital energy.

Tesseral Perturbation on Epicycle Coordinates
Having de� ned the semimajor axis about which we have ex-

panded, we turn now to summarize the solutions for tesseral pertur-
bations to our four coordinates,Eqs. (44), (45), (47), and (50). The

correction terms .snm ; ¶nm ; onm ; ²nm / from n-deg, m-order tesseral
harmonic perturbationshave the form

snm D
nX

p D 0

1rnmpCnmp.®/

¶nm D
nX

p D 0

1Inmp[Cnmp.®/ ¡ Cnm p.0/]

onm D
nX

p D 0

1Änmp [Snmp.®/ ¡ Snmp.0/]

²nm D
nX

p D 0

1¸nmp[Snmp.®/ ¡ Snmp.0/] (62)

where the constant perturbation coef� cients are given by

1rnmp

a
D ¡Jnm

³
R

a

´n
[.n C 1/¿nmp ¡ 2.n ¡ 2p/]Fnmp.I0/

¿nmp

¡
1 ¡ ¿ 2

nmp

¢

1Inmp D Jnm

³
R

a

´n
[.n ¡ 2p/ cos I0 ¡ m]Fnmp.I0/

¿nmp sin I0

1Änmp D Jnm

³
R

a

´n F 0
nm p.I0/

¿nmp sin I0

1Lnmp D Jnm

³
R

a

´n»
.n ¡ 2p/

C
2[.n C 1/¿nmp ¡ 2.n ¡ 2p/]

1 ¡ ¿ 2
nmp

¼
Fnmp.I0/

¿ 2
nmp

(63)

In Eqs. (63), as Cook de� ned,7 we introduce the along-track varia-
tion coef� cients 1Lnmp by

1Lnmp D 1¸nmp C 1Änmp cos I0 (64)

and remember¿nmp D .n ¡ 2p/.1 C ·/ C m.# ¡ !e/ andm 6D 0.The
1¸nmp coef� cients, therefore, can be obtained through Eq. (64) by
knowing the 1Änmp coef� cients. From the de� nition of Cnmp and
Snmp functions of Eq. (34), we can � nd the frequencies of tesseral
perturbation are therefore given by

nnmp D ¿nmpn0 (65)

wheren0 is theoriginalepicyclefrequency(® D n0t ) and p runs from
zero to n. For a low-Earthorbitingsatellite,which commonly rotates
14–15 revolutions per day .!e ¼ 7 £ 10¡2/, we assume m!e ¿ 1
for moderate values of m, for instance, up to and including fourth
order. Then, for such m values we note ·; # ¿ m!e because · and
# are O.J2/. Therefore, if n ¡ 2p 6D 0 then the tesseral perturbation
frequencies nnmp are dominated by .n ¡ 2p/.1 C ·/n0, which is an
integer multiple of the nodal frequency .1 C ·/n0 and gives short
periodic variations to epicycle coordinates.

If n ¡ 2p D 0, which arises when the degree n is even, then the
frequenciesbecome nnmp D m.# ¡ !e/n0 . In this case the period of
the perturbation is an integral fraction of a day. These are known as
m-daily periodic perturbations.13 Using the notation of p0 D n=2 in
Eqs. (63), the m-daily terms are given by

snm

a
D ¡.n C 1/Jnm

³
R

a

´n

Fnm p0 .I0/Cnmp0 .®/

¶nm D ¡Jnm

³
R

a

´n
Fnmp0 .I0/

.# ¡ !e/ sin I0

£
Cnmp0 .®/ ¡ Cnmp0 .0/

¤

onm D Jnm

³
R

a

´n F 0
nmp0

.I0/

m.# ¡ !e/ sin I0

£
Snmp0 .®/ ¡ Snmp0 .0/

¤



576 HASHIDA AND PALMER

²nm C onm cos I0 D 2.n C 1/Jnm

³
R

a

´n
Fnmp0 .I0/

m.# ¡ !e/

£
£
Snm p0 .®/ ¡ Snmp0 .0/

¤
(66)

Terms of m2.# ¡ !e/
2 are ignored to obtain the results, and only the

radial m-daily variation does not have the .# ¡ !e/ divisor.
The explicit coef� cients in the along-track variation of 1Lnmp

through J4;4 are

1L2;2;1 D 9
2

J2;2

³
R

a

´2
sin2 I0

# ¡ !e

1L4;1;2 D ¡75

8
J4;1

³
R

a

´4
¡
4 ¡ 7 sin2 I0

¢
sin I0 cos I0

# ¡ !e

1L4;2;2 D ¡ 225

16
J4;2

³
R

a

´4
¡
6 ¡ 7 sin2 I0

¢
sin2 I0

# ¡ !e

1L4;3;2 D 525

4
J4;3

³
R

a

´4
sin3 I0 cos I0

# ¡ !e

1L4;4;2 D
1575

16
J4;4

³
R

a

´4
sin4 I0

# ¡ !e

(67)

These, as we expect, agree with Cook’s results.7 Because all
m-daily periodic terms have a .# ¡ !e/ divisor, the amplitude of
the periodic variations can be one order larger than that of short
periodic perturbations.

As a matter of interest, let us consider the coupling effect be-
tween 1L2;2;1 and 1L4;2;2 as both terms have a half-day period.
We investigate whether the 1L2;2;1 and 1L4;2;2 coupling variation
becomessmaller in peak amplitudethan 1L2;2;1 alone for some spe-
ci� c range of inclination angles. By computing the peak amplitude
of j1L2;2;1 sin 2.Ä ¡ µg ¡ Ã2;2/ C 1L4;2;2 sin 2.Ä ¡ µg ¡ Ã4;2/j
and knowing cos2.Ã4;2 ¡ Ã2;2/ < 0 for the Earth’s potential, we
can � nd sin I0 to satisfy

6

7
· sin2 I0 · 6

7
¡ 16

175

J2;2

J4;2

³
R

a

´¡2

cos2.Ã4;2 ¡ Ã2;2/ (68)

to make the peak amplitude of j1L2;2;1 sin 2.Ä ¡ µg ¡ Ã2;2/ C
1L4;2;2 sin 2.Ä ¡ µg ¡ Ã4;2/j smaller or equal to j1L2;2;1j. This cor-
respondsto 67.8 deg · I0 · 71:4 deg or 108.6 deg · I0 · 112:2 deg,
when the semimajor axis a is 7178 km (we assume 7178 km semi-
major axis throughout this section). It may also be interesting to
investigate whether the fourth-degree m-daily perturbation can be
larger than the second-degreevariation of 1L2;2;1 for some speci� c
inclination angles. By solving j1L2;2;1j · j1L4;2;2j, this happens
when

sin2 I0 · 6

7
¡ 8

175

J2;2

J4;2

³
R

a

´¡2

(69)

which implies I0 · 28:3 deg or 151.7 deg· I0 . The right-hand side
of Eq. (69) has to be greater than or equal to zero for solutions
to exist. To make the right-hand side of Eq. (69) nonnegative, the
semimajor axis a has to satisfy

a

R
·

r
75

4

J4;2

J2;2

(70)

which provides an upper limit to a of approximately 8352.6 km.
Hence if the semimajor axis is larger than this value, whatever the
inclination angle is, the J4;2 m-daily variation amplitude cannot be
larger than that of J2;2 . For the J4;1 case this situation can also arise
if the inclination angle satis� es

jtan I0j · ¡w C 3

q
v C

p
v2 C u3 C 3

q
v ¡

p
v2 C u3 (71)

where

w D 25
12

J4;1

J2;2

³
R

a

´2

; v D 5
2

w ¡ w3; u D 1
3

¡ w2 (72)

This gives I0 · 38:5 deg or 141.5 deg · I0 to make the effect of J4;1

larger than that of J2;2 . Unlike the J4;2 case, the m-daily periodic
variation from J4;1 can be larger than the J2;2 variation for some
inclination angles without any semimajor axis limitations.

Such a particular case will not happen for both J4;3 and J4;4

cases because the conditions to make j1L2;2;1j · j1L4;3;2j and
j1L2;2;1j · j1L4;4;2j are obtained by

jsin 2I0j ¸
12

175

J2;2

J4;3

³
R

a

´¡2

; sin2 I0 ¸
8

175

J2;2

J4;4

³
R

a

´¡2

(73)

however, the right-handsidesof both inequalitiesare larger than one
for the Earth’s potential. All of the m-daily periodic terms shown in
Eq. (67) vanish for an equatorial orbit, e.g., I0 D 0.

Our radial and azimuthal solutions, given in Eqs. (47) and (50),
both appear to have 1 ¡ ¿ 2

nmp divisors. Therefore if 1 ¡ ¿ 2
nmp D

O.m!e/, we can have O.Jnm=m!e/ short-periodicvariations in ra-
dial and azimuthal coordinates. If degree n is odd and we consider
two values p§ D .n ¨ 1/=2, then we have

¿nmp§ D §.1 C ·/ C m.# ¡ !e/ (74)

and if order m is small enough, then we can approximate

1 ¡
¡
¿nmp§

¢2 ¼ ¨2[m.# ¡ !e/ § ·] (75)

and obtain the terms of interest as follows:
snm

a
D §Ânm p§ Cnmp§ .®/

²nm D ¨2Ânmp§

£
Snmp§ .®/ ¡ Snmp§ .0/

¤
(76)

where

Ânm p§ D 1
2

.n ¡ 1/Jnm

³
R

a

´n
Fnmp§ .I0/

m.# ¡ !e/ § ·
(77)

The explicit descriptions of Ânmp§ for the third-order tesseral
harmonics are given by

Â3;1;p§ D
3

16
J3;1

³
R

a

´3
5 sin2 I0.1 § 3 cos I0/ ¡ 4.1 § cos I0/

# ¡ !e § ·

Â3;2;p§ D §15
8

J3;2

³
R

a

´3 sin I0

¡
1 ¨ 2 cos I0 ¡ 3 cos2 I0

¢

2.# ¡ !e/ § ·

Â3;3;p§ D 45
8

J3;3

³
R

a

´3
sin2 I0.1 § cos I0/

3.# ¡ !e/ § ·
(78)

where pC D 1 and p¡ D 2. We show that for the odd-degreetesseral
harmonics, if the value of m is moderately small, the short-periodic
perturbations have m.# ¡ !e/ § · divisor and have frequencies of
.1 C ·/n0 § m.# ¡ !e/n0. This is approximately the epicycle or-
bital frequencyn0 so that these terms might introducem-daily peri-
odic variations in both the epicycle amplitude and phase at perigee
passage because of the coupling effect with the original epicycle
term. If we combine the epicycle term into our radial solution of
Eq. (76), then we have

snm D ¡A cos.® ¡ ®P / § aÂnmp§ Cnm p§ (79)

By introducing the notationsof OA and O®P for the perturbed epicycle
amplitude and phase at perigee passage,

OA cos O®P D A cos.®p C ·®/

¡ aÂnmp§

»
§ cos

§ sin

¼
.n ¡ m/ even

.n ¡ m/ odd

m.Ä ¡ µg ¡ Ãnm/
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OA sin O®P D A sin.® p C ·®/

C aÂnmp§

»
sin

¡cos

¼
.n ¡ m/ even

.n ¡ m/ odd

m.Ä ¡ µg ¡ Ãnm/ (80)

where Ä D Ä0 C #®, we can arrange the radial equation (79) such
that

snm D ¡ OA cos.® C ·® ¡ O®P / (81)

We have shown, through Eq. (80), that the odd-degree tesseral har-
monics give m-daily periodic perturbations to our epicycle ampli-
tude and phase at perigee passage.

Simulation Results
Even-Degree Tesseral

The simulationwe shallpresentcomparestheepicycledescription
of the orbit using the second harmonic of potential, namely, the
disturbing potential V is given by

V D .¹=r/
£
J2.R=r/2P2.cosµ /

¡ J2;2.R=r /2P2
2 .cos µ/ cos 2.Ã ¡ Ã2;2/

¤
(82)

We ignore J2;1 term because it is three order of magnitude smaller
than J2;2 (J2;1 ¼ 1:56£ 10¡9, whereas J2;2 ¼ 1:82 £ 10¡6 given by
JGM-2 model13). J2 second-ordertermsare includedfor this simula-
tion becauseO.J 2

2 / D O.J2;2/ D O.10¡6/. The epicycle description
of this orbit is summarized by

r D a.1 C %2/ ¡ A cos.® ¡ ®P / C 1r2 C s2;2

I D I0 C 1I2 C ¶2;2; Ä D Ä0 C #2® C 1Ä2 C o2;2

¸ D .1 C ·2/® C .2A=a/[sin.® ¡ ®P / C sin ®P ] C 1¸2 C ²2;2

(83)

where %2, #2 , and ·2 are secular constant coef� cients caused by J2

zonalpotentialincluding J2 second-ordercorrections,and 1r2 , 1I2,
1Ä2 , and 1¸2 represent all of the periodic perturbation terms of
O.J2; J 2

2 ; J2.A=a/; .A=a/2/. Explicit expressionsof these terms are
given in Hashida and Palmer.5 The tesseral periodic coef� cients for
s2;2, ¶2;2 , o2;2 , and ²2;2 are shown in the Appendix of this paper. The

Fig. 1 Peak positionalerror in along-track,cross-track, and radial direction during 5000orbits propagation(in kilometers) as a function of inclination
angle (in degrees).

analyticdescriptionis then comparedwith the outputpropagatedby
a second-orderBulirsch–Stoer integrator.14 This integrationmethod
provides high levels of orbital accuracy as well as very short inte-
gration times.

We de� ne our starting conditions in terms of the position and
velocity of the satellite at some initial epoch t D 0, hence at an
ascending node ¸ D 0. Then the osculating orbital plane is de� ned
as theplanecontainingthepositionandvelocityvector,andonce this
planehasbeende� nedwe can immediatelydeterminethe inclination
I0 and right ascension of the ascending node Ä0. For the given
satellite’s initial position and velocity we can compute the Jacobi
constant C without any truncations through Eq. (29). From this we
obtain our mean semimajor axis by solving Eq. (60) iteratively. All
that remains for the epicycledescriptionof the orbit are the epicycle
amplitude A and the epicyclephaseat perigee®P . Theseappearedas
constants of integration in our radial equation. Because everything
else is known, the radial position of the satellite then gives a value
for A cos ®P , where we have used the fact that ® D 0 at the initial
epoch. Differentiating the equation for r gives the radial velocity
and an expression for A sin®P . These are then easily solved for the
remainingunknowns.This completes the set of epicycleparameters
that we require.

We have chosen a low Earth orbit with a semimajor axis of
7178km, which is about800km orbitalaltitude.The numericallyin-
tegratedorbit and the analyticorbit are both propagatedfor 360 days
(which corresponds to more than 5000 orbits) in order to determine
the magnitude of the errors.

In Fig. 1 we have plotted the peak positional error in terms
of along, cross, and radial directions over the 360 days propa-
gation as a function of inclination angle. To obtain the result,
we have chosen the initial condition to give a very small epicy-
cle amplitude, A=a ¼ O.10¡9/. For this simulation it appears to
have a peak error around the inclination of 50 deg. This re-
sult shows, however, the dominant along-track peak errors are
at most approximately 0.7 km (1 £ 10¡4 rad for the given value
of the semimajor axis) for all inclinations. If we consider 5000-
orbit propagation time, the epicycle phase ® reaches more than
3 £ 104 rad, then this order of along-track error indicates that the
error in semimajor axis 1a=a is O.10¡8/ » O.10¡9/ by assum-
ing 1a=a ¼ ¡. 2

3 /1n0=n0 D ¡. 2
3 /1®=®. This order of error might

come from unmodeled J 3
2 or J2 J2;2 terms.

The peak positional error as a function of (normalized) epicycle
amplitude is also presented in Fig. 2; here the inclination angle is
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Fig.2 Peak positionalerror in along-track,cross-track, and radial direction during 5000orbits propagation(in kilometers)as a function ofnormalized
epicycle amplitude A/a (or eccentricity). The inclination angle is 98 deg.

Fig. 3 Error in along-track direction (in kilometers) as a function of propagation time (in days). The inclination angle is 98 deg. The – – – indicates
errors without J2;2 terms in epicycle formulation.

� xed to be 98 deg to obtain the result. This plot shows that the er-
ror increases as the epicycle amplitude becomes larger. The peak
along-track error reaches 7 km at A=a D 5 £ 10¡3 corresponding
to the error in semimajor axis of 1a=a ¼ 2 £ 10¡8 . This is, how-
ever, caused by our assumption of O.A=a/ ¼ O.J2/, by which we
establish our ordering scheme of perturbation terms.

We havepropagatedtwo orbits for one day by our epicycleformu-
lation, one including and the other excluding J2;2 terms. We have
used zero epicycle amplitude and 98 deg inclination. The along-
track propagation errors of the two epicycle orbits with respect to
the time are presentedin Fig. 3. We have chosen the initial ascending
node Ä0 and sidereal angle µ0 such that 2.Ä0 ¡ µ0 ¡ Ã2;2/ D ¼=2.
So that the half-daily along-track solution from J2;2 is arranged by

²2;2 C o2;2 cos I0 D ¡1L2;2;1[1 ¡ cos.2#2 ¡ 2!e/] (84)

We can clearlysee the effect of half-dailyperiodicperturbationin
Fig. 3. The amplitude of this half-daily periodic variation seems to
reach almost 1.3 km, leading 1:9 £ 10¡4 rad variation in the along-
track direction while this is, through Eqs. (67), given by

j1L2;2;1j D 9

2
J2;2

³
R

a

´2
sin2 I0

j#2 ¡ !e j
(85)

Considering the orbit we are assuming, which is 7178-km semi-
major axis and 98-deg inclination that gives !e ¼ 7:0 £ 10¡2,
R=a ¼ 8:9 £ 10¡1, and sin I0 ¼ 9:9 £ 10¡1 , then Eq. (85) indicates
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the magnitudeof half-dailyvariation j1L2;2;1j of 9:0 £ 10¡5 , which
gives 1:8 £ 10¡4 at the peak through Eq. (84). This agrees with the
result we have obtained. As we can see in Fig. 3, if the J2;2 terms
are taken into account in the epicycle formulas, then the propaga-
tion error, compared to the reference orbit, becomes signi� cantly
smaller.

Odd-Degree Tesseral
We have also performed the simulation to justify our results from

the odd- degree tesseral potential. We have chosen the third-degree
second-order tesseral J3;2 for our simulation, namely, we assume
that the disturbing potentail V is

Fig. 4 Error in along-track direction (in kilometers) as a function of propagation time (in days). The inclination angle is 98 deg. The – – – indicates
errors without J3;2 terms in epicycle formulation.

Fig. 5 Variations in » = ( ÃA/a) cos Ã®P and ´ = ( ÃA/a) sin Ã®P from the J3;2 terms as a function of propagation time (in days). ÃA and Ã®P are osculating
epicycle amplitude and phase at perigee passage, respectively.

V D .¹=r/
£
J2.R=r/2 P2.cos µ/

¡ J3;2.R=r /3 P2
3 .cos µ/ cos 2.Ã ¡ Ã3;2/

¤
(86)

The epicycle formulation of this orbit is similar to Eqs. (83), and
all of the J3;2 tesseral periodic coef� cients are also introduced in
the Appendix. As we did in the preceding section, two orbits have
been propagated for one day, one including and the other exclud-
ing J3;2 terms. A 7178-km semimajor axis, zero epicycle ampli-
tude, and 98-deg inclined orbit are used for this simulation. We
choose the initial ascendingnode Ä0 and sidereal angle µ0 to satisfy
2.Ä0 ¡ µ0 ¡ Ã3;2/ D ¼=2. The along-trackpropagationerrors of the
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two orbits with respect to the elapsed time are shown in Fig. 4. We
can see the one orbital periodic variation with the one-day periodic
envelope in Fig. 4 if J3;2 terms are neglected. This is caused by the
couplingeffect of terms with two frequencies,approximatelyn0 and
.1 § 2!e/n0.

The epicycle amplitude for the given initial condition is A=a ¼
7:5 £ 10¡6 , when J3;2 terms are ignored. This orginal epicycle term
introduces frequency of n0 and Â3;2;1 and Â3;2;2 terms in Eqs. (78)
have frequenciesof .1 C ·2/ § 2.#2 ¡ !e/n0 ¼ .1 ¨ 2!e/n0. The re-
sults show that the peak periodic perturbation can reach about
0.2 km, which corresponds to approximately 2:8 £ 10¡5 radians
in the along-trackdirection.Because of our choice of Ä0 and µ0 , the
along-track solution of these terms is arranged by

²3;2 C o3;2 cos I0 D 1L3;2;1 sin[.1 C ·2 C 2#2 ¡ 2!e/®]

¡ 1L3;2;2 sin[.1 C ·2 ¡ 2#2 C 2!e/®] (87)

Let us evaluate the magnitude of Â3;2;p§ terms:

­­Â3;2;p§

­­D 15

8
J3;2

³
R

a

´3­­­­
sin I0

¡
1 ¨ 2 cos I0 ¡ 3 cos2 I0

¢

2.#2 ¡ !e/ § ·2

­­­­(88)

for the given orbit. Using the values of !e , R=a in the preceding
section and J3;2 ¼ 3:74 £ 10¡7, we have jÂ3;2;1j ¼ 4:3 £ 10¡6 and
jÂ3;2;2j ¼ 2:3 £ 10¡6 . Therefore, from the along-track variation co-
ef� cients in Eqs. (A17) in the Appendix and the along-track epicy-
cle coef� cients of 2A=a, the peak variation of J3;2 peridic terms can
reach what we have obtained through the simulation. If we include
J3;2 terms, we obtain signi� cant agreementwith the reference obrit.

We have also presented the half-daily periodic variation in our
epicycleamplitudeand phaseat perigeepassageas a resultof the J3;2

tesseral potential.To identfy this variationclearly,we have disabled
the J2 potential, e.g., we pretend J2 D 0 in the disturbing potential
V de� ned in Eq. (86).We have used the initial condition to give the
“mean” epicycle amplitude A=a D 1:1 £ 10¡6 in Eqs. (80) for this
simulation. The epicycle orbit without J2 perturbations is propa-
gated for one day, and the osculatingorbital elements are derived at
every sampling step. Using the osculatingepicycleamplitude OA and
the epicyclephase of perigee passage O®P , we de� ne two parameters
of » :D . OA=a/ cos O®P and ´ :D . OA=a/ sin O®P . These two parameters
with respect to the time are shown in Fig. 5. We can clearly see the
half-daily periodic variations in both » and ´ as we discussed in the
preceding section. Because we neglect J2 term, the variations in »
and ´ are O.10¡6/ » O.10¡5/ and mainly introduced by Â3;2;1 and
Â3;2;2 terms, which have the !e divisor.

Conclusions
We have presented the solution for the motion of a satellite in a

near-circularorbit perturbed by the tesseral potential. We formulate
the perturbed orbit by the use of epicycle motion for the radial and
azimuthal solutions and another two coordinates: instantaneous (or
osculating) inclinationand ascendingnode.Our formulationis valid
for orbital eccentricitiesof order comparable to J2 or smaller.

This representation requires four coordinates to locate the satel-
lite, but greatly simpli� es the description of the motion and gives a
simple geometric interpretation with concise form. We have given
the tesseral perturbation terms that appear in these four coordinates
up to an arbitrary degree and order of tesseral potential without any
eccentricity divisor.

We have shown even-degree tesserals give m-daily periodic per-
turbations to the four epicycle coordinatesand odd-degree tesserals
lead to m-daily periodicperturbationsto the epicycle amplitude and
phase at perigee passage. We have found that the amplitude of the
fourth-degreem-daily perturbationscan become larger than that of
the second-degree tesseral J2;2 for some speci� c orbits and investi-
gated the conditionsfor this on both semimajor axis and inclination.

We have compared the predictions of these analytic equations
with numerical simulations including the effects of J2 and J2;2,
J3;2 . We have shown that the errors in the semimajor axis of the
satellite are of order O.10¡9/ » O.10¡8/, which is to be expected
by neglectingterms such as J 3

2 or J2 J2;2 . We haveshown theeffectof
half-daily periodic variations, which can induce about a kilometer

along-track variation for a low Earth-orbiting satellite caused by
the J2;2 potential. We presented the half-daily perturbations in our
epicycle amplitude and phase at pergee passage caused by the odd
tesseral J3;2 potential.

We have demonstrated that our analytical formulation includ-
ing tesseral terms provides only subkilometer propagation errors
compared with the numerically integrated orbit after 5000 orbits
propagation for a low-Earth near-circular orbit.

Appendix: Jacobi Constant and Epicycle Coef� cients
Jacobi Constant

We multiply Pµ through the second of Eqs. (7) to obtain

r Pµ
d

dt
.r Pµ/ C r Pr Pµ 2 ¡ r 2 P’2 Pµ sin µ cosµ D ¡ @V

@µ
Pµ (A1)

Similarly by multiplying PÃ through the third of Eqs. (7) and arrang-
ing it, we have

r PÃ sinµ
d

dt
.r PÃ sin µ/ ¡ r!© sin µ

d

dt
.r!© sin µ/

C r Pr P’2 sin2 µ C r 2 P’2 Pµ sin µ cosµ D ¡ @V

@Ã
PÃ (A2)

where we rewrite µg D µ0 C !©t and !© is the Earth’s sidereal
rotation rate. We shall also note that @V=@’ D @V=@Ã . Remember
Ã is de� ned by Ã D ’ ¡ µg through Eq. (9). By using Ã instead
of ’, we regard V .r; µ; ’ ¡ µg/ as V .r; µ; Ã/, which is introduced
in Eq. (10). If we multiply Pr throughthe � rst ofEqs. (7) andsubstitute
Eqs. (A1) and (A2) to eliminate r Pr . Pµ 2 C P’2 sin2 µ/ term, we have

Pr Rr C r Pµ
d

dt
.r Pµ/ C r PÃ sin µ

d

dt
.r PÃ sin µ /

¡ r!© sin µ
d

dt
.r!© sin µ/ C ¹

r 2
Pr C PV D 0 (A3)

where

PV D @V

@r
Pr C @V

@µ
Pµ C @V

@Ã
PÃ (A4)

because @V=@t D 0 in .r; µ; Ã/ rotating coordinate. We then inte-
grate Eq. (A3) to obtain Eq. (28).

Epicycle Zonal J2l Coef� cients5

J2l secular coef� cients are

% D .2l ¡ 1/J2l

³
R

a

´2l

L0
2l

# D ¡2J2l

³
R

a

´2l
cot I0

sin I0

lX

k D 1

2kL2k
2l

· D ¡#2l cos I0 ¡ .4l ¡ 1/J2l

³
R

a

´2l

L0
2l (A5)

where

L2k
2l D .2l ¡ 2k/!

.2l C 2k/!
P2k

2l .0/P2k
2l .cos I0/ (A6)

J2l periodic coef� cients are

1r k
2l D 2.2l ¡ 1/J2l

³
R

a

´2lµ
.¡1/k

1 ¡ .2k/2

¶
L2k

2l a

1I k
2l D 2J2l

³
R

a

´2l

.¡1/k cot I0 L2k
2l

1Äk
2l D ¡2J2l

³
R

a

´2l

.¡1/k cot I0

sin I0

³
L2k

2l C 2
lX

j D k C 1

2 j

2k
L2 j

2l

´

1¸k
2l D ¡1Äk

2l cos I0 ¡ 2J2l

³
R

a

´2l
.¡1/k

2k

µ
1 C 2.2l ¡ 1/

1 ¡ .2k/2

¶
L2k

2l

(A7)
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Epicycle Tesseral J2;2 Coef� cients
We introduce the notation of

¾C2 D 2.# ¡ !e C ·/; ¾¡2 D 2.# ¡ !e ¡ ·/ (A8)

and ¾ 2
§2 are ignored to obtain the following coef� cients.

J2;2 radial coef� cients:

1r2;2;0 D 1
4

J2;2.R=a/2a
¡
1 ¡ 1

3
¾C2

¢
.1 C cos I0/

2

1r2;2;1 D ¡ 9
2

J2;2.R=a/2a sin2 I0

1r2;2;2 D 1
4

J2;2.R=a/2a
¡
1 C 1

3 ¾¡2

¢
.1 ¡ cos I0/

2 (A9)

J2;2 inclination coef� cients:

1I2;2;0 D ¡ 3
4

J2;2.R=a/2
¡
1 ¡ 1

2 ¾C2

¢
sin I0.1 C cos I0/

1I2;2;1 D ¡ 3
2

J2;2.R=a/2[sin I0=.# ¡ !e/]

1I2;2;2 D 3
4

J2;2.R=a/2
¡
1 C 1

2
¾¡2

¢
sin I0.1 ¡ cos I0/ (A10)

J2;2 ascending node coef� cients:

1Ä2;2;0 D ¡ 3
4

J2;2.R=a/
2¡

1 ¡ 1
2 ¾2

¢
.1 C cos I0/

1Ä2;2;1 D 3
2
J2;2.R=a/2[cos I0=.# ¡ !e/]

1Ä2;2;2 D ¡ 3
4

J2;2.R=a/2
¡
1 C 1

2 ¾¡2

¢
.1 ¡ cos I0/ (A11)

J2;2 argument of latitude coef� cients (We denote 1L2;2;p :D
1¸2;2;p C 1Ä2;2;p cos I0 .):

1L2;2;0 D 1
8

J2;2.R=a/2
¡
1 ¡ 4

3
¾C2

¢
.1 C cos I0/2

1L2;2;1 D 9
2

J2;2.R=a/2
£
sin2 I0

¯
.# ¡ !e/

¤

1L2;2;2 D ¡ 1
8

J2;2.R=a/2
¡
1 C 4

3 ¾¡2

¢
.1 ¡ cos I0/

2 (A12)

Epicycle Tesseral J3;2 Coef� cients
We introduce the notation of

¾C1 D 2.# ¡ !e/ C ·; ¾¡1 D 2.# ¡ !e/ ¡ ·

¾C3 D 2.# ¡ !e/ C 3·; ¾¡3 D 2.# ¡ !e/ ¡ 3· (A13)

and ¾ 2
§1, ¾ 2

§3 are ignored to obtain the following coef� cients.
J3;2 radial coef� cients:

1r3;2;0 D 15
32

J3;2.R=a/3a
¡
1 ¡ 5

12 ¾C3

¢
sin I0.1 C cos I0/2

1r3;2;1 D aÂ3;2;1; 1r3;2;2 D aÂ3;2;2

1r3;2;3 D ¡ 15
32

J3;2.R=a/3a
¡
1 C 5

12 ¾¡3

¢
sin I0.1 ¡ cos I0/

2

(A14)

J3;2 inclination coef� cients:

1I3;2;0 D ¡ 5
8

J3;2.R=a/3
¡
1 ¡ 1

3 ¾C3

¢
.2 ¡ 3 cos I0/.1 C cos I0/2

1I3;2;1 D ¡ 15
8

J3;2.R=a/3.1 ¡ ¾C1/.2 ¡ cos I0/

£
¡
1 ¡ 2 cos I0 ¡ 3 cos2 I0

¢

1I3;2;2 D ¡ 15
8

J3;2.R=a/3.1 C ¾¡1/.2 C cos I0/

£
¡
1 C 2 cos I0 ¡ 3 cos2 I0

¢

1I3;2;3 D ¡ 5
8

J3;2.R=a/3
¡
1 C 1

3
¾¡3

¢
.2 C 3 cos I0/.1 ¡ cos I0/2

(A15)

J3;2 ascending node coef� cients:

1Ä3;2;0 D ¡5
8

J3;2

³
R

a

´3³
1 ¡ 1

3
¾C3

´

£
1 C cos I0

sin I0

¡
2 ¡ cos I0 ¡ 3 cos2 I0

¢

1Ä3;2;1 D 15

8
J3;2

³
R

a

´3

.1 ¡ ¾C1/

£ 1 C cos I0

sin I0

¡
2 C 5 cos I0 ¡ 9 cos2 I0

¢

1Ä3;2;2 D ¡15

8
J3;2

³
R

a

´3

.1 C ¾¡1/

£ 1 ¡ cos I0

sin I0

¡
2 ¡ 5 cos I0 ¡ 9 cos2 I0

¢

1Ä3;2;3 D 5
8

J3;2

³
R

a

´3³
1 C 1

3
¾¡3

´

£
1 ¡ cos I0

sin I0

¡
2 C cos I0 ¡ 3 cos2 I0

¢
(A16)

J3;2 argument of latitude coef� cients (We denote 1L3;2;p :D
1¸3;2;p C 1Ä3;2;p cos I0 .):

1L3;2;0 D 5
16

J3;2.R=a/3
¡
1 ¡ 7

12 ¾C3

¢
sin I0.1 C cos I0/

2

1L3;2;1 D 15
8

J3;2.R=a/3.1 ¡ 2¾C1/ sin I0

£
¡
1 ¡ 2 cos I0 ¡ 3 cos2 I0

¢
¡ 2Â3;2;1

1L3;2;2 D 15
8

J3;2.R=a/3.1 C 2¾¡1/ sin I0

£
¡
1 C 2 cos I0 ¡ 3 cos2 I0

¢
¡ 2Â3;2;2

1L3;2;3 D 5
16

J3;2.R=a/3
¡
1 C 7

12 ¾¡3

¢
sin I0.1 ¡ cos I0/

2 (A17)
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